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ABSTRACT 


^This  paper  is  divided  in  two  parts.  In  the  first  part  some  abstract 
critical  point  theorems  are  proved  using  minimax  arguments.  The  second  part 
is  devoted  to  applications.  We  study  the  existence  of  periodic  solutions  of 
the  Hamiltonian  systems. 

p  ~  “  ^  (P'C') 


•  g  n 

q  “  3p 

where  p,q  e  and  H  ft  cV*2",^. 
having  the  following  form: 


<P/d) 

First  we  consider  Hamiltonian  function 


(2)  H(p,q)  *  aij(<l)plpj  +  li  b^q^  +  V(q) 

where  the  matrix  a^tq)  is  positive  definite  and  V(q)  grows  more  rapidly 
than  quadratically  as  |q|  ♦  -t*.  We  prove  that  (1)  has  infinitely  many 
periodic  solutions  of  any  period  T  >  0  under  suitable  assumptions  on  the 
Hamiltonian  (2).  Then  we  consider  asymptotically  linear  Hamiltonians: 

(3)  H  (z)  ■  H  (<»)  z  +  o(|z|)  for  |z|  ♦  +“» 

z  zz 

where  z  ■  (p,q)  and  is  a  symmetric  operator  in  R  .  We  also  give 

an  estimate  for  the  periodic  solutions  of  { 1 )  when  the  Hamiltonian  satisfies 
(3).  Time-dependent  Hamiltonians  also  are  considered. 


AMS  (MOS)  Subject  Classification:  58E05,  34C25,  70K99 

Key  Words:  Periodic  solutions,  Hamiltonian  system.  Minimax  variational 
methods.  Critical  point.  Index  theory  for  compact  Lie  groups 

Work  Unit  Number  1  -  Applied  Analysis 


♦Istituto  di  Matematica  Applicata  -  Universita'  di  Bari  -  Bari,  Italy. 
•♦Istituto  di  Analisi  Matematica  -  Universita*  di  Bari  -  Bari,  Italy. 

Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG29-80-C-004 1  and  by 
Ministero  della  Pubblica  Istruzione  (ITALY). 


SIGNIFICANCE  AND  EXPLANATION 


The  existence  and  the  number  of  periodic  solutions  of  Hamiltonian  systems 
is  a  problem  as  old  as  Hamiltonian  mechanics  itself)  early  mathematical 
results  were  obtained  by  Liapounov,  Poincare,  and  Rirkhoff.  Recent  remarkable 
results  of  Rabinowitz  [R2]  crave  new  interest  to  this  classical  field)  in  fact, 
his  work  has  shown  that  the  techniques  and  methods  of  critical  point  theory, 
developed  in  the  contest  of  partial  differential  equations,  may  he 
successfully  applied  in  this  field.  One  of  the  main  results  of  Rabinowitz 
states  that  a  Hamiltonian  system  has  infinitely  many  periodic  solutions  of  any 
period  provided  that  the  Hamiltonian  function  H(p,q)  (p,q  e  it1)  is 
superouadratic,  i.e.,  it  grows  more  rapidly  than  quadratically  in  both  of  its 
variables  in  a  suitable  way.  Unfortunately  Hamiltonians  arising  from  physical 
problems  have  the  form 

(1)  H(p,q)  =  l  aA j(q)pi  +  ♦  V(q)  . 

Such  Hamiltonians  are  not  superquadratic  in  the  variable  p. 

In  this  paper  we  generalize  some  abstract  critical  point  theorems  in 
order  to  include  Hamiltonians  of  the  form  (1),  and  we  obtain  existence  of 
infinitely  many  periodic  solutions  of  every  period  provided  that  V(q)  is 
superquadratic  (plus  technical  assumptions).  Asymptotically  quadratic 
Hamiltonians  are  also  considered;  these  are  Hamiltonians  such  that 

(2)  H’ { z)  -  H"(-)z  ♦  o( | z | )  for  Izl  ■*■  +  •  , 

where  z  =  (p,q)  e  R^n,  and  H"(«);R2n  ♦  R2n  is  a  symmetric  operator.  If 
H' (z)  *  0  and  H  is  twice  differentiable  at  z  =  0,  then  it  is  possible  to 
define  an  index 

0(wH"(0)  ,u)H"(°®))  where  w  *  (2n)  1  times  the  period  of  the  solution. 

Under  suitable  assumptions  on  H,  we  know  that  the  Hamiltonian  system  has  at 
l6d$t 

1/2  |0(U)H"(0),  «)H"  (") )  | 

nonlinear  2xw-pe riodic  solutions.  This  result  generalizes  a  result  of  Amann 
and  Zehnder  (who  considered  strictly  convex  Hamiltonians  [AZ2] )  and  a  previous 
result  of  the  first  author  of  this  paper  (which  applies  when  0  <  0  [B21). 
Time-dependent  Hamiltonian  are  also  studied. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  authors  of  this  report. 
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Vieri  Band*,  Alberto  Capozzi*,  and  Donato  Portunato** 


0.  INTRODUCTION  AND  STATEMENTS  OP  THE  MAIN  RESULTS. 

Consider  the  Haailtonian  syatea  of  2n  ordinary  differential  equations 
(0.D  P  "  -HqCt.p.q)  q  -  Hp(t,p,q)  p,q  e  t  «  R  , 

where  H  e  c'(l*n+',I),  •  denotes  ~  ,  Hq”lq'Hp"lp‘  **•  (0.1)  can  be 

represented  sore  concisely  as 

(0.2)  -J*  -  H^t.z)  , 

where  s  »  (p,q),  *nd  J  the  sisplectic  Matrix  in  R2*,  i.e. 


J  « 


0 

.Id 


-Id 

0 


Id  being  the  identity  Matrix  in  r". 

There  are  many  types  of  questions,  both  local  and  global,  in  the  study  of  periodic 
solutions  of  (0.2)  (ct.  a.g.  the  review  article  of  Rabinowitz  [r3]  and  its  references).  We 
suppose  in  the  sequel  that  H(t,z)  is  T- periodic  in  t. 

Here  we  are  concerned  about  the  existence  of  T-periodic  solutions  of  (0.2). 

Rabinowitz,  in  a  pioneering  work  tR2] ,  has  proved  that  if  K(t,p,q)  is  ■superquadratic"  in 
both  the  variables  p  and  q,  i.e. 

there  exist  r  >  0  and  u  >  2  a.t. 

(0.3) 

(Hc(t,z)|z) >  u  H(t,z)  >  0  for  I z |  >  r  and  t  «  [0,TJ 


and  it  aatisfies  other  assunptions,  then  (0.2)  has  a  T-periodic  solution.  If  —so 

at 

and  H(t,z)  satisfies  (0.3),  then  Rabinowitz  has  proved  that  (0.2)  has  a  nonconstant  T- 
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periodic  solution  for  every  prescribed  period  t  [R41 .  Later  eany  other  papers  appeared 
dealing  with  (0.2)  when  H(t,a)  is  "suparquadratlc*  [Ml,  B2,  BP2,  BR,  ClB,  B,  BB,  PT] . 


Unfortunately  the  above  results  on  superquadratic  Haatiltonians  do  not  cover  the 
classical  Mechanical  problems.  In  fact,  consider  a  mechanical  system  with  holonomous 
constraints  Imbedded  in  a  conservative  field  of  forces.  The  Hamiltonian  of  such  a  system 
has  the  form 


(A,)  Thar*  axiats  a  real,  continuous  function  v  (q)  >  0  a.t. 

I  n1j(q>t)pipj  >  v(q)|p|2  for  ovary  p,q  e  Ip  and  t  «  * 


(Aj)  Thor*  are  conatanta  8  e  ]0,a-2[  and  y  >  0  aueh  that 


2  9a. . 

I  >  u Ipl  where  {((^(q.t)}  -  t^ij  +  *k  9^  ’ 


(ij)  Thar*  exists  a  constant  Cj  s.t. 


II 


9a 

l  (q.tJpjPjl  )  C}  I  •ij<q>t)p1pj  for  ovary  k  -  1,...,nr  q  6  if,  t  «  A 


(A4)  Thera  axiata  C4  >  O  a.t. 


|ai^(q,t)|  «  C4V(q,t)  for  |q|  large  and  every  t  6  A 


b  <q,t>“ 

,Bt>  wqmV.IT  '  0  for  ev,ry  1  * 


3bi  2 

I  3^  (q.t)qkl 

lB2>  ,J£.  vTJTviiTt) - 0  for  *v,ry  *'*  ■  1 . .  • 


Remark.  Assumptions  (V , )  inpllea  that  V  grows  more  than  |q|a  at  infinity.  It  replaces 
assumption  (0.3)  of  other  papers. 

(A,)  is  a  physical  assumption  which  depends  on  the  fact  that  the  "kinetic  energy"  la 
positive.  Observe  that  it  is  allowed  that  v(q)  ♦  0  as  |q|  ♦  «•. 

(a2)  is  a  technical  assumption  which  is  deeply  related  to  the  nature  of  our  results. 
Probably  it  has  some  meaning  which  we  have  not  fully  understood. 

(Vj),  (Aj),  <a4),  (b,) ,  (b2)  are  growth  conditions  on  the  coefficients  of  (0.4).  Probably 
they  can  be  weakened  using  a  cut-off  technique  as  in  [Rl,  BR  or  R4] .  Ns  have  the  following 
results  for  Hamiltonians  of  the  form  (0.4). 


i 
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Theorem  0.1.  Suppose  that  H  satisfies  the  assumptions  (hq)  and 

3B 

(R,)  tha  aystaa  la  atonomous  i.e.  *  0. 

Than  (0.2)  haa  infinitely  aany  nonoonatant  T-par Iodic  aolutlona  for  a vary  praacrlbad  parlod 

T. 

(*> 

Theorem  0.2.  Suppoaa  that  H  aatiaflaa  tha  aaauaptlona  (aQ)  and 
(Rj)  Hit,*)  la  T-parlodlc  In  t 
(H3)  Hit, a)  la  avan  In  a  . 

Than  (0.2)  haa  infinitely  aany  nonoonatant  T-periodic  aolutlona. 

Theorem  0.3.  Suppoaa  that  H  aatiaflaa  (H^) ,  ( h2)  and 
(Hj)  a  «  0  la  tha  alniaua  point  of  H  for  avary  t  6  R 
(Hj)  R  la  twica  dlffarant labia  for  a  ■  0 
(H6)  thare  axlata  a  conatant  7  €  ]0,1(  aueh  that 


l 

1.1 


?  H(t.O) 
9*i3xj 


'lCJ  « 


^  nld2 


for  avary  ten  and  C  0  l2”  . 


Than  (0.2)  haa  at  laaat  a  nonoonatant  T-periodic  solution. 

Resark  0.4.  If  H  doea  not  dapand  on  t  and  it  la  twica  dlffarantiabla  for  a  «  0, 
Theorem  0.1  can  ba  deduced  from  Theorem  0.3.  In  fact  by  virtue  of  the  assumptions  (HQ), 

H  haa  a  minimum  in  >2n.  it  la  not  raatrietlva  to  suppoaa  that  tha  minimum  point  la 
a  -  0.  Given  any  period  T,  there  is  a  period  Tj  “  T/fc^  (k1  e  ■)  auch  that  (Hg)  is 
aatiafied.  Since  a  ^-periodic  solution  is  also  a  T- periodic  solution,  we  can  deduce  from 
Theorem  0.3  that  for  any  period  T  >  0  wo  have  a  nonconstant  T-poriodic  solution  a^lt) . 
Also  there  exists  a  number  h,  such  that  a^  has  the  minimal  period  equal  to  T/h  ^ .  if 
we  taka  k2  >  h1k1  wa  can  find,  using  Theorem  0.3  a  (T/^)  -  periodic  solution  a2  which 
is  of  course  a  T- periodic  solution  and  Sj  f*  In  this  wsy  wa  can  find  infinitely  many 


•Warningi  Theorem  0.1  just  states  the  existence  of  periodic  solutions  but  not  of  priaw 
periodic  solutions  i.a.  solution  for  which  T  is  tha  minimal  period. 


nonconstant  T-periodic  solutions*  Wo  finally  obaarva  that,  if  «  0  (i  ■  1,...,n),  and 

—  -  0 ,  variants  of  Ateorea  0.1  can  ba  found  in  [BCF,  G] . 

Host  wo  considar  tha  caso  in  which  H  is  asymptotically  quadratic,  i.a.  thoro  asista 
2n  2n 

a  linear  operator  H^Hil  *  R  s.t. 

(0.8)  H,(Z)  -  H  (•)*  ♦  o( s)  , 

where  °j a  0  as  |s|  ♦  Horoovor  we  suppose  that 

(0.9)  B  (s)  is  twice  differentiable  for  a  •  0. 

Hie  aia  is  to  give  a  lower  bound  for  tha  nisbar  of  2r w-periodic  solutions  by  tha  coaparison 
between  tha  operators  as<(0)  and  H  (•» ) .  We  define  as  in  [B2]  an  even  integer  number 
8(uHss(0),  uHzs(w)),  which  will  provide  such  a  bound.  Given  two  Hareltlan  operators 
A,B  t  t2™  *  t2”,  we  set 

HU)  *  {n ietber  of  negative  eigenvalues  of  l) 

M(A)  -  { n labor  of  nonpositive  eigenvalues  of  A)  , 

and 

9(A,B)  -  l  H( iKJ  ♦  A)  -  H(iKJ  +  B)  . 

MS 


Observe  that  6(A,B)  is  a  finite  niaber.  In  fact  for  k  big  enough 

H(ikJ  ♦  A)  ■  M(ikJ  ♦  B)  ■  n.  let  o(A)  denote  the  spectrins  of  an  Rereitian  matrix  A.  If 

(0.10)  o(i«JHes(a))  n  s-9  , 

and 

(0.11)  o(iaiJBu(0)>  O  s  -  ♦  , 

then  0(«8  («•),  uH  (0))  -  -6 (uH  (0),  uH  (•))  . 

ss  ss  ss  ss 

we  prove  the  following  theorea i 

Theorem  0.5.  Suppose  that  H  satisfies  (0.8),  (0.9),  (0.10)  and 

(0.12)  ■  (•>  is  positive  definite 

(0.13)  H( s)  >  0  for  every  s  e  B?n  s.t.  H^ts)  •  0  , 

then  (0.1)  has  at  least  ^G(wn  («  ) ,  mH^(0)  )  non-constant  2»u-per iodic  solutions 

whenever  0(wH  (•),  wR  (0))  >  0. 

SS  ss 
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If  the  assumptions  (0.12)  and  (0.13)  ara  replaced  fay  tha  following  on* a 
(0.12a)  ^(O)  la  positive  daflnita 

(0.13a)  B(s)  <  0  for  ovary  a  B  t?n  a.t.  B8(s)  «  0  , 

than  (0.1)  has  at  laast  ^  8(mBs<(0)  ,  )  non-constant  2wto-periodic  solutiona 

whenever  0(eiHM(O),  MB^I*))  >  0. 

Remark  0.0.  Tha  first  part  of  Theorem  0.5  ia  contained  in  Theorem  5.1  in  [B2] .  So  Theorem 
0.5  can  ba  considered  as  a  natural  complement  to  tha  results  of  (B2).  Conditions  .0.12a) 
and  (0.13a)  are  dual  to  (0.12)  and  (0.13).  Bowavar  tha  proof  of  tha  second  part  is  such 
•ora  technical  in  nature. 

Hssuurk  0,7.  The  assumption  (0.10)  is  a  non-resonance  condition.  If  (0.10)  does  not  hold 
tha  same  conclusion  of  theorem  (0.5)  holds  if  we  replace  (0.10)  by  tha  following 

aasMptions 


(0.14) 

(0.15) 


B(s)  -Vj(Bb(s)|s)  >  C^ | s|°  -  Cj 
|Ha(s) |  <  c3  ♦  c4ls|® 


where  o  >  B  >  0. 

From  Theorem  0.5  the 
Corollary  0.8.  If  B(s) 
(0.16) 

then  the  system  (0.1)  has 


following  corollary  easily  follows t 
satisfies  (0.8),  (0.9),  (0.10),  (0.12), 
hb(s)  *  0  for  every  sen2"-  {0}  , 

at  least 

5  »HIS(0))| 


(0.12a)  and 


2*u-per iodic  solutions. 

Amman  and  Zehnder  in  [AZ2]  have  obtained  a  similar  result  using,  instead  of  (0.12)  and 
(0.12a),  tha  stronger  assumption  of  uniform  convexity  of  H(s). 

This  paper  is  divided  in  two  sections.  In  the  first  section  we  have  soma  abstract 
theorems.  In  the  second  one  we  apply  these  theorems  to  obtain  the  results  which  we  have 
just  stated. 
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notations  and 


I.  SOW  ABSTRACT  CRITICAL  F0IHT8  THEOREH8. 

1.  8tsts— nts  of  the  Abstract  Results . 

Before  stating  ths  main  rssults  of  this  section  we  shall  introduce 
definitions.  Ns  dsnots  by  E  a  real  Hilbert  space,  by  (•  ,• )  the  scalar  product  in  t, 
by  1*1  the  no re  in  E.  By  C1  (E,R)  we  denote  the  apace  of  Prechit  differentiable  naps 
from  i  to  ■  and,  if  f  (  c1(e,r)  by  f*(u)  its  derivative  at  u  e  B.  We  shall 
identify  E  with  its  dual  B*  so  that  f  e  C°(E,E).  For  u  e  B  and  R  >  0  we  set 
8(u,R)  “  (v  e  B|lv  -  ul  <  r}  ,  Br  •  b(0,r),  sR  “  3Br.  Let  G  be  a  compact  Lie  group  and 
let  r  :  G  ♦  U(E)  be  a  representation  of  6  on  the  group  of  the  unitary  linear 
transformations  on  B.  We  set  C  -  r(G). 

Definition  1.1.  A  functional  f  on  E  is  called  Q- invariant  if  foT  -  f  for  every 
ree. 

Definition  1.2.  A  map  h  from  B  to  B  is  called  O-equi variant  if  heflf  -  Toh  for 
every  Tee. 

Definition  1.3.  A  subset  A  C  B  is  called  O- invariant  if  T(A)  •  A  for  every  Tee. 

Sometimes,  when  no  ambiguity  is  possible,  we  will  write  "G- Invariant",  and  "G- 
equi variant"  etc.  instead  of  "e-lnvariant"  etc.  We  set  Fix  8  *■  {u  e  E|T(u)  *  u  for 
every  T  e  G} .  If  u  e  B  the  "orbit"  of  u  is  the  set  {t(u)  j  T  e  c} .  In  the  sequel  we 
shall  consider  G  -  Xj  or  G  *  81  ■  (i  €  l|  |s|  •  1} .  Moreover  if  L  is  a  linear 
operator  on  B  we  denote  by  c(L>  the  spectrum  of  L. 

In  the  sequel  we  will  be  concerned  with  functionals  f  e  C1  (E,R)  satisfying  the 
following  aasumptionai 
(fj)  f(u)  -  V3  (tu,u)  -  ♦( u),  where 

(i)  L  is  a  continuous  self-adjoint  operator  on  E 
(11)  ♦  e  C*(B,R),  0)  -  0  and  is  a  compact  operator. 


(f 2>  (1)  B  *■  S  where  the  M^'s  are  elgenspaces  of  L  (which  eight  bo  lnfinito 

dimensional) • 

(11)  0  la  a  regular  value  for  L  or  It  la  an  iaolated  eigenvalue  of  finite 

■ultlpliclty  of  L. 

(f3)  given  c  e  )0,  +» ( ,  every  aequence  {u^ } ,  for  which  {f(ur>)  ♦  c  and 
I f * (uf)l • I ufl  ♦  0,  poaaeaaea  a  bounded  subsequence. 

We  aet 

E*  -  nr  ,  e"  -  •  H.  ,  E°  -  ker  L 

1>0  X<0 

and  let  P+,  P_  and  PQ  be  the  relative  orthogonal  projectlona.  then 
(1.1)  E  -  E-  •  E°  •  E“  . 

In  the  case  In  which  E*  (reap.  E~)  la  finite-dimensional  f  la  bounded  fraai  above  (reap, 
from  below)  aodulo  weakly  continuous  perturbationa.  In  fact  we  can  write 
f(u)  ■  V2  (LP+u,P+u)  -  V2  (LP_u,P_u)  -  f (u)  and  If,  for  exaeple,  die  E-  <  +*•  then 
*(u)  -  V2  (LP_u,P_u)  +  1*(u)  haa  cow  pact  derivative*  we  ahall  consider  the  caae  In  which 
f  can  be  "strongly  indefinite",  i.e.  E+  and  B~  are  both  Infinite-dleensional,  as  it 
occurs  In  the  study  of  periodic  solutions  of  Haaiiltonlan  systems. 

Theorem  1.4.  Let  f  «  c’tE,*)  be  a  functional  satisfying  (f,),  (f2>  and  (fj).  Moreover 
we  suppose  that  a  unitary  representation  of  the  group  S1  acts  on  E  such  that 
(f r *  L  and  ♦ '  are  3 1-equl variant 

( f 5 )  there  exist  two  closed  linear  subapaces  V, w  C  E  such  that 
(1)  V  and  W  are  S1  Invariant. 

(11)  dl»(V  n  W)  <  +■,  codietv  +  W)  <  +- 
(ill)  PixO1)  C  V  or  PixO1)  C  W 
(lv)  there  exists  positive  constants  CQ  and  p  such  that 

f(u)  >  CQ  for  every  u  8  V  n  sp 

(v)  there  exists  8  *  such  that  f(u)  <  Cm  for  every  u  e  W 
(vi)  f(u)  <  CQ  for  u  6  PixfS1)  s.t.  f'(u)  “  0.  Under  the  above  assumptions  there 
exist  at  least 
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V2  (dim(V  n  w)  -  codim(v  +  VI)) 
orbits  of  critical  points,  with  critical  values  in  tC0.Cj. 

We  have  another  thaoraa  for  avert  functional,  l.a.  for  functionala  Invariant  for  a  Zj* 
actlon. 

Theory  1.5.  Let  f  8  c’tz,*)  be  a  functional  satisfying  (f.,).  t f 2 >  *nd  <*3)-  Moreover, 
we  auppoae  that  / 

(f4*)  *’  la  odd 

(fg* )  there  exiat  two  cloeed  linear  aubapaces  V,W  C  E  which  satisfy  (fg)(il),  (fg)(iii), 
(fg)(iv),  (f5)(v). 

Then  there  exists  at  least 

dim(V  n  w)  -  codim(V  +  w) 

pairs  of  nonxero  cr.  -leal  pointa  with  critical  values  greater  or  equal  than  CQ. 

Remark  1.6.  In  the  Theorems  1.4  and  1.S  the  assumptions  (f2)  and  (fj)  replace  the  well 
known  conditions  (c)  of  Palais  and  Male  (P.8.)  used  in  similar  theorems.  They  do  not 
imply  (P.S.),  but  a  weaker  condition  (i.e.  (i)  and  (ID)  of  Leona  3.4),  which  has  been 
Introduced  by  G.  Oerami  (cf.  [Ce] »  Cf.  also  [BBP] ) .  The  conditions  (fg)  (reap.  (fg')>  are 
geometrical  assumptions,  which  allow  us  to  give  a  lower  bound  to  the  number  of  orbits 
(reap,  pairs)  of  critical  points  of  the  functional  f. 

Remark  1.7.  Theorem  1.4  generalizes  Theorem  4.1  of  [B2]  in  two  points.  The  assumptions 
(fj)  and  f f 3 )  are  easier  to  verify  than  (P.S.).  This  fact  allows  to  treat  Hamiltonians  of 
the  form  (0.4).  Moreover  in  tB2]  the  assumption  (fgHill)  is  replaced  by  the  stronger 
assumption 

Pix  s1  c  w  . 

This  generalization  permits  us  to  obtain  the  second  part  of  the  Theorem  0.5. 

Remark  1.8.  If  In  Theory  1.5  (f2)  and  ( f 3 )  are  replaced  by  (P.S.)  and  V  (rasp  W)  is 
finite-dimensional,  then  we  get  a  variant  of  a  theory  of  Clark  [C11]  (reap.  Ambrosettl  - 
Rabi nowit r  (AR] ) . 

In  the  case  in  which  the  functional  f  does  not  exibit  any  symmetry,  we  have  the 
following  theory  1 
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Theorsm  1.9,  Let  f  e  c’d.R)  be  a  functional  satisfying  ( f  1  >  (f2)  and  (fj).  Moreover 

auppoaa  that  thara  axlata  a  L-lnvarlant  aubapaca  V  Cl,  an  eigenvector  a  e  V  of  L, 

and  positive  constants  Rj,  R2,  CQ,  Cm  with  0  <  cQ  <  Cm  and  p  <  R,  such  that 

(1)  sup  f(Q)  -  C. 

til)  Inf  f  (S  n  v)  -  e 
P  ° 

(11)  sup  f  05)  <  o 

whara  Q  -  {■  +  v|m  e  V1  n  B  ,  v  e  T},  T  -  {te|t  e  [0,1.)). 

r2  1 

Undar  tha  above  assumptions  f  has  at  laast  ona  critical  value  c  e  [Cq,  Ca) . 

Remark  1.10.  Theoraa  1.9  generalizes  Theorem  0.1  of  Bencl-Rablnowltz  [BR] ,  because  (fl), 

(f 2)  and  (f3)  are  weaker  assuaptlons  than  the  respective  aasiaptions  In  [BR] .  this  fact 
allows  us  to  obtain  the  Theorem  0.3.  which  applies  to  Hamiltonian  of  the  fora  (0.4). 

Remark  1.11.  Oalng  the  techniques  developed  in  this  paper  it  Is  possible  to  generalise 
also  Theorem  4.11  of  [BR]  (cf.  [Ca] ) . 

Remark  1.12.  The  assumption  ( f 2 ) ( 1 )  is  not  necessary.  In  fact,  if  It  does  not  hold,  we 
can  replace  the  Inner  product  of  E  with  a  new  inner  product  such  that  (f2)(i)  Is 
satisfied. 

The  new  inner  product  Is  defined  as  follows  {u,v)j,  -  (LP+u,v)  -  (LP~u,v)  +  (PQu,v). 

Ms  observe  that  every  T  e  6  Is  a  unitary  transformation  also  with  respect  to  the  new 
inner  product.  If  we  define  a  linear  operator  L:E  ♦  B  as  follows: 

Lu  -  u  If  o  4  I+ 

Lu  ■  -u  if  u  8  B~ 

Lu  ”  0  if  u8E° 

than  we  have 

(Lu,v)n  -  (Lu.v) 

and 

f(u)  -  (L  u.u)^  +  <i(u)  . 

So  the  function  f  satisfies  (f,),  (f2)  and  (f4)  or  (<4')  in  E  equipped  with  the  new 
inner  product.  Since  (fj)  and  (f 5 )  essentially  are  topological  properties,  they  are  as 
well  satisfied  (of  course  minor  changes  are  necessary).  Then  Theorems  1.4  and  1.5  hold 
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without  assumption*  (fjHil).  A  similar  r smart  can  bs  dons  about  theorem  1.9.  Howsvar, 
tha  applications  which  wo  consider  in  this  paper,  a animation  (f2)(ii)  is  satisfied. 


w 


2.  Index  and  Pseudoindex  Theory. 

In  this  Motion  we  recall  some  notion  (as  the  notion  of  index  theory)  and  sosw 
theoreaa  which  are  often  uaed  in  the  critical  point  theory. 

First,  soate  notation  is  necessary.  We  get 

N.(A)  -  {u  e  E  t  dist  (a, A)  <  4) 

o 

where  dist  (u,A)  denotes  the  distance  froai  u  to  A.  For  f  €  c'fE.E)  and  c  e  It,  we 

set 


Kc  -  {u  e  E  |  f'(u)  “  0,  f<u>  ■  c} 

Ac  -  {u  e  E  |  f(u)  <  c}  . 

Definition  2.1.  Let  E  be  a  Hilbert  space  on  which  a  representation  rtG  *  r(G)  C  0(E) 
of  a  compact  Lie  group  G  acts.  An  index  theory  is  a  triplet  {£  ,  H,i)  where 
£  is  the  family  of  G-invariant  closed  subsets  of  E 
■  is  the  set  of  O-equi variant  continuous  Mappings 

i  :  J  ♦  I  u  { +“}  is  a  mapping,  which  satisfies  the  following  properties: 

(a)  i(A)  “0  if  and  only  if  A  -  4 

(b)  if  A  C  B  then  i(A)  <  i(B)  for  all  A,B  e  £ 

(2. it  (c)  1( A  u  B)  <  1(A)  +  1(B)  foe  all  a ,B  e  [ 

(d)  if  A  e  ),  is  a  conpact  set,  then  there  exists  4  >  0  such  that 

i(N6(A))  -  i(A) 

(e)  1(A)  «  i(h(A))  for  every  A  e  J  and  for  every  h  e  B. 

Definition  2.2.  We  say  that  an  index  theory  satisfies  the  d-dli»ension  property  (d  e  ■) 
if 


iOfl  n  V) 


dim  V 
d 


where  V  is  a  finite  dimensional,  G-invariant  subspace  of  E  such  that  v  n  pix(G)  -  { 0} 
and  R  is  a  bounded  invariant  neighborhood  of  the  origin. 

The  Definition  2.2  makes  sense,  because,  in  the  exanples  which  we  know,  if  V  is  as 
before,  then  the  dimension  of  V  is  a  multiple  of  some  integer  number  d. 

In  the  applications  we  shall  use  the  following  index  theories: 
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Ex— pie  2.3.  The  Krasnoselski  genus  can  be  considered  an  index  theory  which  satisfies  the 
1 -dimension  property  related  to  the  group  -  {0,1},  where  the  representation  is  given 
by  Tq  ■  identity  and  T,  -  antipodal  mapping  (cf.  e.g.  [K] ,  [Rj] ,  tB2J). 

Example  2.4.  If  S  •  s'  •  tw  e  t  !  |w|  -  1}  ,  then  the  homological  index  defined  in  {F.R.J 
or  the  geometrical  index  defined  in  [B^ ]  satisfy  the  2-dimension  property  for  any 
representation  r  <  G  ♦  U(E) . 

He  refer  to  [Ba]  for  an  abstract  construction  of  an  index  theory. 

In  the  following  theorem  we  shall  list  same  property  of  the  index  which  will  be  used 
in  this  paper. 

Theorem  2.5.  Let  {£,B,i}  be  an  index  theory  which  satisfies  the  dimension  property. 

Then  we  have 

(i)  if  [Fix(G)]^  is  infinite  di—nsional,  and  ah  Fix(C)  ^  »S,  then  i(A)  -  +■ 

r  dim  V 

(ii)  if  V  e  i  is  a  finite  dimensional  space  and  A  C  V  -  Fix(c)  then  i(A)  <  — ~ — 

<3 

(ill)  if  AH  Fix(G)  ”  d  and  i(A)  >  2  then  A  contains  infinitely  many  distinct 
O-orbits 

(iv)  if  h  e  ■  is  a  homeomorphi— ,  then  i(h(A))  -  1(A)  . 

For  the  proof  of  this  theorem  we  refer  to  (8^1  and  [Bjl • 

Definition  2.6.  Given  an  index  theory  {^,8,1}  and  a  group  of  homeomorphiema  H*  C  H, 
for  every  A,B  e  'j  we  set 

i* { A,B,H* )  -  min  l(h( A)  n  b)  . 

heB* 

The  triple  {J,B*,1*}  will  be  called  pseudoindex  theory  (cf.  (B2)  or  [BBF] ) .  When  no 
ambiguity  is  possible  we  shall  write  i*(*,*)  instead  of  !•(•,*, B*). 

Definition  2.7.  Given  a  Q- invariant  functional  f  e  C 1 ( E , R)  and  a  group  of 
O-equlvariant  homeomorphi—  B*,  we  say  that  f  satisfies  the  condition  (B)  in 
la,B(  (-«  <  a  <  B  <  +  *)  with  respect  to  H*  if  for  every  c  e  )a,B( 

(i)  Kc  is  compact 

(11)  for  every  H  »  H. (K  )  there  exists  n  «  B*  and  a  constant  c  >  0  such  that 
0  c 

(a)  (c-e,  c+e)  c  )a,B{ 
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»* fc  V 


(b)  n(A  -  »)  c  a  . 

©▼C  C“€ 

The  concept  of  pee udo index  and  th*  property  (B)  ere  related  to  the  critical  point  theory  by 
aeana  of  the  following  theorem. 

Theorem  2.8.  Let  f  «  c'd,*)  be  a  e-invariant  functional  satiafylng  the  condition  (B)  in 
]e,0[  with  reapect  to  B*.  Given  D,r  e  [  ,  we  suppoae  that 
(1)  aup  f  (D)  •  C—  <  0 
(2.3)  (11)  inf  f(F)  -  cQ  >  a 

(iii)  1*(D,F,«*)  -  It  . 


If  we  set 


then,  for  k  ■  1, 


rk  -  (a  e  l  |  i*(A,F,H*>  >  k) 
,5,  the  number* 


c.  -  inf  aup  f(u) 

*  Aer.  ueA 

k 


are  well  defined,  are  critical  value*  of  f  and 

C  <  c.  < . <  er  <  C  . 

o  1  k  • 

Moreover  if  e  «  ck  « . *  Cj^  (k>1»k+r<k),  then  10CC)  >  r  +  1. 

The  proof  of  thia  theorem  follow*  standard  argument*  of  the  critical  point  theory  and 
it  will  not  be  given  her*  (aee  e.g.  [B.B.F.] ) • 

Remark  2.9.  If  Theorem  2.8  holds  we  cannot  deduce  that  f  has  at  least  It  distinct 
orbit*  of  critical  points,  in  fact  it  might  happen  that 

°1  “ . *  °*  “  0 

and  K  »  {u}  where  u  e  Fix(G). 

c 

Then  in  thi*  case,  by  Theorem  2.5(1),  we  have  i(Kc)  “  +",  but  we  have  only  one  orbit  of 
critical  point*  i.e.  {u}.  However  if  idc)  >  2  and  Kc  n  Fix(G)  “  by  Theorem 
2.5(111)  deduce  that  Kc  contain*  infinitely  many  distinct  orbits.  Therefore  if  th* 
assvmiptlons  of  Theorem  2.8  hold,  we  can  deduce  that  one  of  the  following  alternative* 
follow* 

(a)  there  exists  at  least  one  critical  point  u  e  Flx(G) 

(b)  there  exist  at  least  K  distinct  orbits  of  critical  points. 
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In  which  th*  function*!  h*a  no 


Mow  w*  shall  amine*  th*  analogous  of  Iheorae  2.8  in  th*  eaa* 
eyas*  try.  In  this  can.  w.  can  suppose  that  tha  function  la  G-.quiv.ri.nt  with  raapact  to 
tha  trivial  group  6  -  {Id}.  Ihen  tha  property  <B)  ■***■  aana*. 

Definition  2.10.  Given  two  aeta  D  and  y  and  a  group  of  ho»*orphiaM  K  we  aay  that 
D  and  r,  K-lnteraact  if 

h(D)  n  y  f»  ♦  for  every  h  «  X  . 

Iheorea  2.11.  Let  f  €  cVf.B)  be  a  functional  aatiafying  th*  property  (B)  in  Ju.Bt 
with  respect  to  K  and  let  CQ,  C„  C  R  be  two  constant*  auch  that 
(i)  sup  f (D)  -  Cm  <  B 
(2.4)  (li)  inf  f(F)  -  C0  >  a 

(iii)  F  and  D  K-interaect  . 

Then  f  haa  at  least  a  critical  value  c  «  tC,.  CJ  .  the  proof  follow,  at.nd.rd  .rg».nt. 
and  it  will  not  be  given  her*  (cf.  a.g.  (B.B.F.l). 


3.  >  Deformation  ttjorw 


In  order  to  prove  Ihtorn*  1.4  and  1.5  wo  wont  to  use  Theorem  2.8.  The  crucial  point 
la  to  determine  a  claaa  of  equiwariant  hoa»omorphlama  ■*  ouch  that 

(1)  If  (ft),  (f2),  (fj)  and  (f4)  (or(f4* ))  hold,  f  aatiafloa  the  property 
(B)  with  reapect  to  ** 

(11)  if  (f$)  (or  (fsM  hold),  than 

the  pseudoindex  1(*,«,**)  can  be  estimated  by  means  of  dle(V  n  w)  and 
codim(V  +  VO. 

In  order  to  define  8*  we  need  the  following  lease: 

Lemma  3.1.  Suppose  that  L  satisfiea  (f2)(l)  and  (f2)(li).  Moreover  suppose  that  L  is 
^invariant,  where  C  is  a  unitary  representation  of  a  compact  Lie  group  G.  Then 

(3.1)  B  -  i  iT 

18*  3 

where  the  E  ^ ' a  are  Q- invariant  and  L-lnvariant  finite  dimensional  subspaces,  orthogonal 
with  each  other. 

Proof.  If  u  8  M^,  then  LTu  -  TLu  -  Tlu  -  XTu  for  every  T  e  6.  So  every  eigenapace 
of  L  is  O-invarlant. 

Then  by  Peter-Weyl  theorem  can  be  decomposed  in  finite  dimensional  e-lnvariant 

subspaces  orthogonal  with  each  other 

* 

Of  course,  the  spaces  Bj'*  constructed  in  this  way,  are  L-inveriant  because  they  are 
subspaces  of  an  eigenapace  of  l.  □ 

Mow  we  define  the  class  ■*  as  follows: 

Definition  3.1'.  Let  a  be  a  class  of  continuous  maps  U  :  E  ♦  E  such  that 
(Vj)  U  is  bounded 

(V2)  u(u)  «  e°*u'L[u]  where  a  :  E  *  E  is  a  e*invarlant  functional. 

Clearly  every  0  e  0  is  O-equi variant. 

Let  B  be  a  class  of  continuous  maps  b  :  E  ♦  E  such  that 
(bj)  b  is  O-equi variant  and  bounded 
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(bj)  for  every  R  >  0,  therm  exist*  a  finite  set  of  indexes  X(R)  C  %  such  that 

b(B  )  C  •  . 

jei(R)  3 

Finally  we  define  H*  as  the  class  of  all  naps  h  auch  that 

(B^)  h  is  an  hoaaoonrphise 

(Bt)  h  -  U  +  b  where  O  «  D,  b  e  B 
d  o  o  o  © 

(BJ)  h"1  •  0,  ♦  b,  where  0,  6  0,  b,  e  B 
(BJ)  h(0)  •  0  . 

Obviously  B*  is  a  noneapty  class  of  bounded  e-equi  variant  hoaeoaorphisas .  It  is  not 
difficult  to  prove  the  following  fact. 

Proposition  3.2.  H*  is  a  group  of  homeoaorph 1 a  as . 

Proof.  By  the  definition  of  l*,  it  is  sufficient  to  prove  that  it  is  closed  under 
coaposition.  Given 

hvh2  e  B*.  we  set  hj  -  Oj  ♦  bj  ■  eV'^M  +  ),  (i  -  1.2)  . 

Then 

h1(h2(u))  -  01(h2(u))  +  bt(h2(u))  ■ 
a,(h  (u) )L 

(3.2)  -  e  Ch2(u)l  ♦  b,(h2(u>)  - 

-  eY<U>L[h2(u)]  ♦  bt(u)  , 

where  y(u)  -a^thjtu))  is  a  e-invariant  functional  and  b^*)  »  b^h^*))  e  B.  Then  by 

(3.2) ,  we  have 


h^hjtu) )  -  e1 [e  Iu)rt>2(u)]  ♦  b^u)  - 


(T(u)+u  (u))L 

e  (ul  +  e,""‘4(b2(u)J  +  b1  (u) 


B(u)L 


lu]  ♦  bj ( u)  +  b?(u)  , 


where  B(u)  -  y(u)  +  a  (u)  is  a  e-invariant  functional  and  b  (• )  -  eY  (*  )L(b,(»  )1  «  B.  C 
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From  now  on  I*  will  denote  the  elesa  of  hoawomor ph  1  ana  juat  defined  end 
i*(- )  -  i*(-,‘,  ■*>. 

The  rest  of  thia  aection  ia  devoted  to  prove  the  following  theorem 
Theorem  3.3.  Suppoae  that  f  e  c'tE.R)  aetiafiea  ( f 1 > »  (fj)  and  (f3)  and  that  it  ia 
O-invariant .  Given  c  >  0  and  a  neighborhood  N  of  Kc>  there  exiata  conatanta 
e  >  e  >  0  (with  £  <  c)  and  an  operator  n  «  E  *  E  auch  that 

(a)  C  A^ 

(b)  n  -  o  +  8  e  n* 

(c)  0(u)  “  u,  B(u)  ■  0  for  every  u  ♦  f  Vtc-e,  c+e)). 

In  particular  f  aatiafiea  the  condition  (B)  in  J0,+«[  with  reapect  to 
Definition  2.7). 

The  proof  of  Theorem  3.3  ia  based  on  the  following  leanest 
3.4.  If  f  aatiafiea  (f.j)  (fj)  and  (fj)  then  we  havei 


(cf. 


(i)  every  bounded  sequence  { u^}  C  f  '()0,»[)  such  that  f'(u^)  +  0,  admits  a 
convergent  subsequence 

(ii)  for  every  c  >  0,  there  exist  constants  e ,  R,  b,  M  >  0  such  that 

(a)  [c-e ,  c+e)  C  ]0,+-t 

(b)  lf'(u)l*lul  >  w  for  every  u  e  f  \  [c-e ,c+e] )  n (b-b  ) 

R 

(ill)  for  every  c  >  0,  Kc  is  compact 

(iv)  for  every  c  and  R  >  0  and  for  every  neighborhood  N  of  Kc,  there  exist 
positive  constants  c  >b  such  that 


Proof,  (i)  We  put 


If  lull  >  b  for  every  u  €  (A  _  -  A  _)n  (b  -h) 

c+e  c-e  R 


S  -  L  +  XP 


where  X  *  o  and  PQ  is  the  orthogonal  projector  on  her  L.  Clearly  S  is  a  bounded 
invertible  operator.  Now  let  Uy  be  a  bounded  sequence  such  that  f'(Uy)  +  0. 


Then  we  can  write 


with  v^  ♦  0.  Then  we  have 


■V  -*MV  - 
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8  “k  -  APo  “k  '  **<V  "  Vk 

or 

8  °k  “  XPo  “k  ♦  **(V  +  %  • 

Sine*  PQ  and  ♦'  arc  coapact  operators,  thara  la  a  subaequsnes  u'k  such  that  Pu'  k 
and  t'(a' k>  converge .  Ihua  Su'k  convergee.  Since  8  la  Invertible  u*k  convergaa . 

(II)  We  argue  Indirectly  and  we  auppoae  that  there  exists  c  e  ] o,  auch  that  for 

every  new  there  exlata  un  e  B  for  which 

If  (u  )l*lu  I  <  - 
n  n  n 

u  e  f“,((e-1,  c+^n  n  (e-b  ). 
n  n  n  n 

Then,  for  n  +  +  «,  we  have 

If  (u  >!•!  u  I  ♦  0 
n  n 

lu  I  ♦  +  • 

n 

f(u  )  *  c 
n 

and  thia  contradicta  (f3). 

(III)  Free  (11)  it  followa  that  Kc  la  bounded.  Because  of  the  continuity  of  f 
and  f.Kc  la  closed,  and  by  (1)  It  follows  that  It  la  coapact. 

(Iv)  It  follows  fraw  (1)  and  standard  arguments.  □ 

The  conditions  (1)  and  (11)  of  the  above  leaau  can  be  considered  as  a  weakened  version 
of  the  well  known  condition  (c)  of  Palais  and  Seale  (cf.  Remark  1.6). 

Laaaa  3.5.  Let  k  <  E  ♦  B  be  a  coapact  operator.  For  every  e  >  0  there  exists  a 
coapact  operator  k  »  B  ♦  8  such  thati 

(a)  k  is  locally  Lipschlts  continuous 

(b)  lk(u)  -  k(u)l*(1  ♦  lul )  <  e  for  every  u  6  E. 

Moreover,  if  k  ie  O-equivariant,  k  can  be  choaen  G-equl variant. 

Proof.  The  proof  follows  the  same  arguaent  as  lemsta  3.2  in  (BjJ . 

leaaa  3.6.  Let  k  »  E  *  E  be  a  locally  Lipschlts  continuous,  Q-equi variant ,  coapact 
operator.  For  every  R  >  0  and  e  >  0  there  exists  an  operator  b  €  B  auch  that 
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(a)  lk(«)  -  b(u)l  <  e  for  avary  u  e  BR 

<b)  b  la  locally  Llpachlts  continuous. 

Proof.  Slnca  k(BR)  la  ralatl va ly  compact,  for  avary  e  >  0  thara  exist  a  finita  aat  of 

-  a  e 

points  yj>....ya  such  that  k(B  )C  (_)  Bly^,— ).  Let  new  and  sat  PR  tha  projector 

n  1-1 

on  •  Ej.  If  n  la  big  enough,  va  have 
i--n 

•yl  -  Vi"  *  I  vi  «  {*'•••»•>  • 

Consider  now  tha  operator 


b  ,  BR  ♦  •  Bi# 

i— n 


b  (u)  - 


KjOVl 

I  u,(u) 

1-1 


"  £  • 
where  w^lu)  -  dist(k(u),E  -  (BCy^,  — ) ) .  It  la  easy  to  check  that  b  la  a  bounded.  Lip. 

continuous  operator  and  that  for  every  u  6  BR,lk(u)  -  b(u)l  <  e.  To  prove  that  b  can 

be  chosen  O-equl variant  It  is  sufficient  to  repeat  the  arguaanta  of  Leasu  3.2  in  (Bj) .  □ 

tin  3.7.  Let  k  :  E  -»  E  be  as  in  Leau  3.6i  given  e  >  0  there  exists  an  operator 

b  e  B  such  that 

(a)  lk(u)  -  b(u)l«  (1+lul  )  <  e  for  every  u  8  E. 

(b)  b  Is  locally  Upschitz  continuous. 

Proof.  Given  e  >  0,  by  Lemaa  3.6  for  every  n  €  M  there  exists  a  locally  Llpschitz 

continuous  operator  b  :  B  .  ♦  v  .  such  that 

n  n+1  n+1 

(3.3)  Vn+1  «  •  Ej  for  a  finite  set  I(n)  C  s 

161 (n) 


(3.4)  lk(u)  -  bn(u)l  <  for  every  u  6  B„+,  . 

Por  every  n  e  H  we  consider  a  non- increasing  nap  Xn(t)  6  C1(E,[0,1])  such  that 

f  1  if  t  6  [0,n] 


X„(t) 


0  if  t  6  (n  +  ,■*•(  . 


n 


we  set 


b„(u) 


bn<u)  if  u  «  »n4i1 
0  If  »B+1  - 


Hi  da fins  a  ssquanca  of  oparatora  c  i  B  ♦  I  aa  follow* t 

A 

c1(u)  ■  b^u) 

(3.5)  c2(u)  ■  (I ul  )  c^u)  +  (1-X^lul  )>b2(u) 


c  ^(u)  “  *  «u')c  (u)  +  (1-1  (IttIMb  ..(»)  . 
n+1  n  n  A  a+i 

Wo  obsorva  that  If  u  8  Bb,  <=„<»)  “  cn+1<u>  ”  •  *•  set  for  u  *  8 

(3.6)  b(u)  -  li*  cR(u)  . 

n**» 

Claarly  be*  and  aatiafiaa  (b) .  Lot  us  prova  (a)  If  u  e  Bn+1  wa  hava 
lb(u)  -  k(u)l  -  '<=„+,<»)  -  *<“>»  - 


(3.7) 


-  IX  (lul)c  (u)  +  (1-X  (lul  )  )b  _(u)  -  It  (u)l  - 

a  n  n  n+  7 

-  IX  (I  ul )  (c  ( u)  -  k(u>>  ♦  (1-X  (lul ) )  (b  «(u)  -  k  (u))l  < 

A  A  A  A+ 1 

<  X  (lul)lc  (u)  -  k(u) I  +  (1-X  (lul))  lb  (u)  -  k(u) I 

A  A  A  At  1 


Sinca  if  u  e  Bn+1,  b^tu)  ■  bn+t(u),  than  by  (3.4)  wa  hava 

(3.8)  if  "  *  B"+i  • 

To  prova  (a)  it  ia  aufficiant  to  prova  that,  for  ovary  n  e  *,  if  u  e  Bn 

(3.9)  lb(u)  -  k(u)l  <  . 

In  ordor  to  prova  (3.9)  wa  argue  by  induction! 

if  n  -  t  by  (3.5),  (3.7)  and  (3.8)  wa  got 

lb(u)  -  k(u)l  -  Ic^u)  -  k(u)l  -  lb  1  (u)  -  k(u)l  <  *  <  ,  . 

Now  supposa  that 
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(3.10) 


k 


for  ovary  u  6  BR  . 


Ib(u)  -  k(u)l  « 

Wt  obsarva  that  for  a  e  SRjfl  -  Br,  cR(u)  “  bR(u).  Then  by  (3.4) 


Ma  hava  to  varify  (3.10)  for  u  e  Br+1  -  br 


(3.11) 


Than  for  u  e  B 


I c  ( u)  -  k(u)l  -  lb  (u)  -  k(u)l  -  lb  (a)  -  k(u)l  <  ■■ — . 
n  n  n  2 ( n+ 1 ) 


n+1 


Bn  by  (3.7),  (3.8)  and  (3.11)  we  get 


(3.12) 


lb(u)-k(u)l  <  X  (lul  )T7~T.  +  (1-X  (lul )  <  ~;,E  ; .  <  •— — —  <  _  f  .  . 

n  2 ( n+ 1 )  n  2(n+2)  2(n+1)  1+(n+1)  1+lul 


Finally  by  (3.10)  and  (3.12)  we  hava  that 

(3.13)  lb(u)  -  k(u)l  <  •^rr  for  every  u  e  br+1  and  (3.3)  ia  proved.  □ 

By  Le— a  3.5  and  3.7,  we  get  the  following  lea—: 

La— a  3.8.  Let  k  ■  B  ♦  E  be  a  Chequi variant,  coapact  operator.  Given  e  >  0  there 
exlsta  a  bounded  operator  b  8  B  such  that 

(a)  lk(u)  -  b(u) I •  ( 1+1  ul  )  <  e  for  every  u  e  E 

(b)  b  la  locally  Lipschitz  continuous. 

How  we  can  prove  the  Theorem  3.3. 

Proof.  Given  c  e  Ja,8[,  by  Lea—  3.4(111),  %Q  is  compact,  hence  there  exists  8  >  0 
such  that  II  D  Kj  D  where  Mj  “  ) .  Moreover,  by  Te—  a  3.4  (iv)  there  exist 

e  >  0,  and  b  >  0  such  that 

(3.14) 


lf'(u)l  >  b 


Vue  (»  -  -a  -)  n  ( 

C+€  C— € 


-M, 


.)  • 


Me  can  assiaae  that  R  Is  big  enough  such  that  B  >  M. . 

R  5 


-  -  8b 


R  "8/8' 

Also  we  can  assume  that 


12  * 


(3.15)  E  < 

Let  y  >  0  be  such  that 

(3.16)  y  <  minf^  ,  “}  . 

By  Le— a  (3.8)  there  exists  a  locally  Lipschite  continuous  operator  b  t  I  such  that 


(3.17) 


lk(u)  -  b(u)l  <  ‘  ,  for  every  u  e  E 

1+1  ul 


8  ■  (Ac+?  -Ac-T'  °  Ms/8-  S1 


n  br.  S2 


“  S  -  B_.  By  (3.16)  and  (3.14)  we  have 


(3.18) 


1+1 


b  lf(u)l  „ 

^  J  ^  for  every  u  e  S,  , 


and  by  (1.16)  and  Leama  3.4(11)  we  have 
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(3.19) 


y  if(u)l  _  .  . 

UTJ  4  - 4 -  f°r  *V*ry  “  *  *2  * 

Thus,  by  (3.12),  (3.18)  and  (3.19), 

(3.20)  lk(u)  -  b(u)l  <  V4lf(u)l  for  avary  u  8  S  . 

Ha  obaarva  that  if  u  e  S 

ILu  +  b(u)l  -  lf(u)  -  (k(u)  -  b(u) )  I  > 

>  lf(u)l  -  lk(u)  -  b(u)l  , 
than  by  tha  above  inequality  and  (3.20) 


(3.21) 

Now  wa  sat 

(3.22) 

By  (3.21)  wa  hava 

(3.23) 


ILu  +  b(u)l  >  ~  If  (u)l  >  0  for  every  u  e  S 


Lu+b(u) 

V(u)  m  2  . .  ~  for  avary  u  8  S 


■  Lu+b(u)l 


8  1 

iv(u)i  <  3  for  •v*ry  «  e  S  , 


IV(u)l  <  +  K^l ul  for  avary  u  8  3  , 


than  by  Lenma  3.4(11),  (3.14)  and  (3.23) 

(3.24) 

whara  K,  and  Kj  are  poaitiva  conatants. 

Now  we  obaarva  that  if  u  8  3,  by  virtue  of  (1.23), 

lk(u)  -  b(u)l  <V4lf(u)l  -V4ILu+  k(u)l  < 
<V4lLu+b(u)l  +V4lk(u)  -  b(u)l  , 

than 

lk(u)  *  b(u)l  <  J  ILu  *  b(u)l  . 


Pro*  the  above  inequality,  we  get 


(3.25) 


<V(u),f(u)>  -  2<rU*b(U- — r,Lu+k(u)>  -  - - - 

lLu+b(u)l  ILu+b(u)l 


<Lu+b( u) ,Lu+b(u)-b(u)+k(u)> 


—  ,[lLu+b(u)l2  +  <Lu+b(u),  k(u)-b(u)>]  > 


ILu+b(u)l 


.  I Lu+b(u)l • lk(u)-b(u)l  2  .  .  _ 

>2-2  - ! - r -  >  2  -  -  >  1  for  avary  u  e  8 

ILu+b(u)l 


Now  wa  conaidar  a  Lipachita  continuous,  functional  ♦  i  S  ♦  R  such  that 
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(3.26) 


♦  (u> 


0  If  u  $  f~' ( [c-e,c+e] )  or  u  e  M 


s/a 


t  if  «e(''(|c-e)c«))  -  M 


S/4 


where  e  «  -  .  Me  can  assiaae  that  6  la  Q-invariant.  We  set 


(3.27) 


?(u) 


-♦(u)V(u)  if  u  e  S 
0  if  u  t  S 

Consider  now  the  following  initial  value  problem 


(3.28) 


S’  V  <n) 

n(o)  -  u 


u  e  e 


Since  V  is  loc.  Lipschitz  continuous,  by  (3.24)  and  standard  arguments,  it  follows  that 
for  every  u  e  E,  (3.28)  has  a  unique  solution  n  s  R  ♦  E  and  if  we  denote  by  n( t,u) 
the  flow  relative  to  problem  (3.28),  then  n(t,u>  s  8  ♦  B  is  a  bounded  haaeoaorphism. 

In  order  to  prove  the  part  (a)  of  the  theorem,  we  observe  that  for  u  e  B, 
f(h(t,u))  :  R  ♦  R  is  not  increasing.  In  fact  we  have 


(3.29) 


~  f(n(t,u))  »  <f'(n(t,u)),  —  n(t,u)>  » 


(n(t,u) )  <  f'(n(t,u>>,  v(n(t,u) )  > 


We  set  Q  -  <Ac+€-A^)  -Mfi/4  . 

By  (3.25),  (3.26)  and  (3.29)  we  have 


(3.30) 


(3.31) 


<  -1 

for 

u  e  o 

—  f(n(t,u) )  - 

At 

<  0 

for 

u  e  S  n  Q 

-  0 

for 

U  t  S  . 

t'  e  R+  is  such  that 

n(t,u) 

«  Q 

vt  eto.t’) 

2  e  >  f(n(o,u))  -  f(n(t',u)) 

m  — 

I  —  f  ( n(t 
o 

Moreover  if  t"  >  t'  is  such  that  o(t,u)  e  Q  n  B_  for  t  C  Ct*,t*I,  then  by  (1.14), 

R 

(3.23)  and  (3.27) 
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<3.32) 


ln<t*,u>  -  n<t*,u)l  -  i  /  v  (n(t,u))dtl  < 

f 


<  -  {  - dt  <  ~  <t*-f)  < 

3  t*  If  <n(t,u> )i 


Finally  we  »et  n<u)  »  n(t,u)  -  n(2e,u)  and  Y  «  <Ac+e“Ac_e>  “Mj  •  Since  Y  C  Q  if 

u  e  Y  by  <3.31)  thara  axiata  t  e  <0,e)  auch  that  aithar  n<t,u)  *  A or 

ntt.u)  e  H.  -  A  .  The  aacond  of  thaaa  altarnativaa  la  not  poaeible,  in  fact  if 

0/4  C-€ 

n<t,u)  e  M,  -  A  than  thara  axlat  t*  ,t"  6  (o,t),  with  t*  <  t*,  auch  that 

o/4  C~€ 

n(t,u)  e  Q  n  b_  for  t  «  It'.t")  and  n(t*,u>  «  afi.  Than  by  <3.32)  we  ahould  have 

®  9  — 

<3.33)  f  >  —  b«  >  e 

and  thle  contradicta  tha  fact  that  t*  <  t  <  c.  Ranee  n<t,u)  e  kc-€ ’  Then  bY  <3.30) 
n  (e  ,u)  e  A  . 

C“€ 

Thua  tha  part  <a)  of  Theoree  1.24  la  proved. 

In  order  to  prove  <b),  wa  net 


ILu  ♦  b<«)l 


ao  the  Equation  <3. 28)  becoaea 


<3.34) 


-  ^nHbn+bln)] 
n<o)  -  u  . 


Following  an  idea  of  Rofar  [H]  wa  aat: 


<3.35) 


i<t>a,u)  ■  /  ♦  <n<tta,u) )dt  . 


Easy  coaputatlona  ahow  that  tha  Cauchy  problea  (3.34)  ia  equivalent  to  the  following 
Integral  aquation: 


n<t,u)  -  aa(t'°'u>1,(ul  ♦  /  oa(t','u)L(*<r\<a,u)b(n<a,u))]da  . 


In  fact  n(0,u)  *  u  and 


dHt.n) 

dt 


~  <Mt,o,u)bea(t'0'u)I,[u]  +  aa(t,t'u)L[*(n(t,u))b(n(t,u)>] 
at 

♦  /  a(t,s,u>Lea<t'"'“)L(*(n(s.u))b<n<s,u))]ds 

o 

♦  (n(t,u)>Lea<t'°'u)L[u]  ♦  ♦(ntt.u) )b(n(t,u) ) 


♦  /  ♦(n(t.u))Lea<t'“'u)(4(n(s,u>)b(n(s,u)>)da 

O 

-  ♦ (n (t,u) )L{ea<t'°'u*L  +  /  aa<t'*'u) [♦(n(s,u) )b( n(s,u) )]da} 

o 

♦  ♦ (n (t,u) )b(n(t,u) ) 

-  ♦ (n (t,u) )Ln (t,u)  +  ♦(n(t,u) )b(n{t,u) )  - 

-  ♦  (n )  lLn+bn]  . 

Observe  that,  since  the  operators  of  G  are  unitary,  ♦  is  ©-invariant  and  by  (3.34)  and 
(3.35),  n  is  O-equl variant  and  a  (t,u,*)  is  ©-invariant.  Then  if  Me  aet 

0<«>  -  ea(t'°'u)L(u] 


B(  u) 


/  ea<t'*'u)L(4»(n(t,u)  )b(n(t,u)  )]ds 


it  results  that  U  e  O  and  B  e  B,  moreover  n  ^u)  »  n(-t,u),  then  (b)  is  proved.  By 
(3.26)  and  (3.27)  it  results  that  n(t,u)  “  u  for  every  u  t  f  '([c-e,c-»e))  and  every 
ten.  Then  frost  (3.26)  and  (3.35),  it  follows  that  a(t,s,u)  “  0  for  every 
u  6  f  1((c-E,c+€))  and  every  t,s  €  R.  Therefore,  by  the  definition  of  0  and  B,  (c) 
follows. 


-26- 


4.  Pseudoindex  Evaluation. 

In  the  previous  section  we  have  shown  that  f  satisfies  the  property  (B)  with  respect 
to  the  class  H*  •  In  this  section  we  shall  compute  the  pseudoindex  of  soaw  subsets  of  t 
with  respect  to  the  class  H*  provided  that  C  satisfies  the  distension  property. 

More  precisely,  we  will  be  concerned  in  proving  the  following  theorem; 

Theorem  4.1.  Consider  two  e-invariant  closed  linear  subspaces  V,M  C  B  and  a  bounded 
e-invariant  neighborhood  of  the  origin  0.  Suppose  that 


(1) 

Fix  G  C  W 

(or 

Fix  G  C  v) 

(ii) 

dim(V  n  W) 

<  +-, 

codim(V  +  w)  <  +» 

(ill) 

the  index 

theory 

i  satisfies  the  d-dimension  property  (cf.  Definition 

2.2). 

din  (VHw)  -  codim(V4W) 
d 


Then 

(4.2)  i*(S  n  V,W)  > 

The  proof  of  Theorem  4.1  is  based  on  two  lemmas . 

Lemma  4.2.  Let  V,W,z  C  E  be  e-invariant,  finite  dimensional  subspaces  (V,M  C  z),  and 
£)  be  a  bounded  e-invariant  neighborhood  of  0.  Given  a  G-eoui variant  bounded  continuous 
map  h  :  E  *  E,  we  suppose  that 
(i)  Fix  G  C  W 

(ii)  the  index  theory  i  satisfies  the  d-dimension  property. 

(iiij  hOfl  n  V)  C  z 


then 

(4.3) 


dim(V  n W) -codim  (V+W) 

KhOO  n  v)  n  w)  >  - - - 


Proof.  We  set  S  “  30.  We  distinguish  two  cases 
Case  I  V  n  Fix  6^(0} 

Case  II  V  n  Fix  G  -  {0}  . 

In  the  Case  I  we  have  that 


v  n  s  n  Fix  e  +  d  • 


Since  h(Fix  6)  C  Fix  C, 

h(S  n  V)  n  Fix  G  n  pix  G)  <">  Fix  6  f  *)  . 
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□aing  assumption  (i)  and  tha  above  formula  we  hava 

h(s  n  vj  n  pis  e  n  w  y  4  . 

Than  by  Theorem  2.5(1),  it  follows  that 

i<h(V  n  s)  n  n)  -  -Ht  . 

Therefore,  in  the  Case  I,  (4.3)  holds. 

Ha  now  consider  the  Case  II.  Since  W  is  finite  dimensional,  h(s  n  v)  n  H  e  £  is 
compact.  Then,  by  (2.1)(d),  there  exists  N  -  N£(h(S  n  V)  n  H)  such  that 

(4.4)  i(N)  -  i(h(S  n  V)  n  H)  . 

He  set 

a.  -  h(s  n  V)  n  N 

(4.5)  _ 

Aj  -  h(S  n  V)  -  N  . 

Obviously  Aj ,  A2  e  y  and 

(4.6)  h(S  n  7)  •  A,  U  Aj  . 

Since  V  n  Fix(C)  “  {0},  then 
din  v 

— - —  “  1(S  n  V)  (by  the  dimansion  property,  cf.  Def.  2.2) 

<  i(h(S  n  v))  (by  (2.1)(e>> 

(4.7)  <  MA,  U  A2)  (by  4.8  and  (2.1)(b)) 

5  i(A,)  +  i(A2)  (by  (2. 1 ) (c) )  . 

By  (4.5),  (2. 1 ) ( b)  and  (4.4)  we  have 
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By  the  above  formula  we  haves 

1  dim  V  -  cod_W 

Kh(s  n  v)  n  w)  >  die  v  ~ -JOB.  w  «  - - - *-  .  a 

a  a 

Lemma  4.3.  Let  the  hypotheses  of  Learns  4.2  be  satisfied  with  (i)  and  (iii)  replaced  by 
(i1)  Fix  G  C  V  •  Z 

(iii1)  (a)  h  is  a  bounded  honeoaorphia* 

(b)  h(fl  n  z)  C  z 

(c)  h(0)  -  0  . 


Then 


dim(vnw)  -  codim  (V+W) 

(4.11)  i(h(30  n  V)  n  W)  >  - - - 2 -  . 

Proof.  To  shorten  the  notation,  we  set  S  “  3(1.  Since  h(S  n  v)  owe 

(2. 1 ) ( d)  there  exists  N  «  N  (h(S  n  v)  n  w)  such  that 

e1 

(4.12)  i(N)  -  i(h(S  n  V)  n  W)  . 


I 


is  compact,  by 


There  exist  constants  e^,  e  ,  c  >  0  such  that 

(4.13)  n  dn  (h(s  n  v)  n  w)  D  h(H  <s  n  v)) n  wDh(snv  )  nw  Dh(snv)  nw 

c  c  e 

2  3 

where  V£  -  W£(V)  n  Z.  By  the  above  formula  and  (2.1)(b)  it  follows  that 

i(N)  >  i(h(s  n  v£)  n  vt)  >  i(h(s  n  v)  n  w)  . 

Then,  by  (4.12), 

(4.14)  i(h(s  nv£)  n  w)  -  i(h(s  nv)  n  w)  . 

We  now  set 

R  -  Z  -  V  . 
e 

Then  Z  ■  V£  U  R  and 

h(s  o  z)  n  w  »  [h( s  n  V£)  n  w]  u  [h(s  n  r)  n  w]  . 

By  the  above  formula  and  (2.1)(c),  we  haves 

i(h(s  n  z)  n  w)  <  i(h(s  n  v£)  n  w)  +  i(h(S  n  r)  n  W)  . 

Comparing  this  inequality  with  (4.14),  we  get 

(4.15)  i(h(8  n  v)  n  w)  >  i(h( s  n  z)  n  w)  -  i(h(S  n  r)  n  w)  . 

Wow  we  shall  give  an  estimate  to  the  terms  on  the  right  hand  side  of  (4.15).  Let 
denote  the  orthogonal  complement  of  V  in  Z  and  P^  the  relative  projection. 

Obviously  Py  is  equivariant.  Moreover,  by  (i'),  P^  R  C  -  rix(6).  Then  by  (2.1) (e) 
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and  Theorem  2.5(11),  wa  have 

(4. Id)  i(R)  <  l(Py  R)  < 

Now 


(4.17) 

By  (lli'Hb)  and  (c). 


la  a  neighborhood  of 


l(h(B  n  r)  n  n)  <  l(h(8  n  r))  (by  (2.1)(b)) 

•  1(8  n  R)  (by  Theorem  2.5(lv)  and  (iii,)(a)) 

<  1(R)  (by  (2.1) (b) ) 

<  !>^  —  (by  (4.16))  . 

h(fl  n  z)  la  a  bounded  neighborhood  of  0  in  z.  then  the  aet 
a  -  (*  ♦  x|s  e  h(fl  n  z),  z  e  z1,  |z|  <  1} 

0  in  B.  It  la  aaay  to  cheek  that 


h (3(1  n  z)  «  3Q  n  z  . 


Then 

h(s  n  z)  n  w  -  h(3A  n  z)  n  »  .  jo  n  j  n  n  .  jo  n  »  , 

So,  by  the  above  inequality  and  the  dimenaion  property  it  followa  that 
(4.18)  i(h(s  n  z)  n  w)  -  ion  n  w)  >  -----  . 

<3 

(In  the  above  formula  we  have  to  uae  the  inequality  becauae  it  might  happen  that 
30  n«  nnxGMi  cf.  Theorem  2. 5(ii)). 

Finally,  by  (4.15),  (4.18)  and  (4.17)  we  conclude  the  proof) 


i(h(s  n  z)  n  w)  > 


dim  W  dim  V 


, ,  .  cod  V 

dim  W  Z  q 

d  "  d 


Proof  of  Theorem  4.1.  We  aet  8-3(1  and 


ij  ■  v  n  it 

E.  -  orthogonal  complement  of  E.  in  V 

(4.19) 

E3  -  orthogonal  complement  of  S2  in  W 

E4  •  orthogonal  complement  of  •  Ej  •  E}  in  E  . 

We  have,  obvioualy,  that  V  -  E,  •  S2,  »  •  Ij  4  Ej,  E  -  E1  •  E2  •  Bj  •  E4.  We  obaerve, 
alao,  that  the  eubapaces  Ej,  E2,  Bj,  E<(  defined  by  (4.19)  are  (^-invariant.  Let 
h  •  0  ♦  b  e  H*  and  Z  C  B  be  a  Q-invariant,  f inite-dimenaional  aubapace  auch  that 

Ej  C  Z,  E4  C  Z,  b<a>  c  Z  . 
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5.  Proof  of  the  Abstract  Theorems  ■ 

Proof  of  Theorem  1.4.  Iht  proof  is  basad  on  Ihtorw  2.8.  Me  have  to  chack  that  all  tha 
assumptions  of  Theorem  2.8  are  fulfilled. 

Me  choose  G  -  S1  and  G  “  r(G)  where  r  is  a  unitary  representation  of  S1.  By 

virtue  of  Lemma  3.3,  f  satisfies  tha  condition  (B)  in  ]<>,+■•[.  Me  set  0  •  H  and 

F  ■  8  n  v.  Then  (2.3) (1)  and  (ii)  follow  from  (fc)(iv)  and  (v). 

P  5 

By  virtue  of  (fs)(i),  (ii),  (iii),  tha  assisaptions  of  Theorem  4.1  are  satisfied. 

Moreover,  G  “  r(S1)  satisfies  the  2-dimension  property  (cf.  example  2.4).  Then 

k  -  V2  (dim(V  n  w)  -  codimtv  ♦  H)J  . 

Therefore  c^,...,^  are  critical  values  of  f. 

By  (fe)(vi),  it  follows  that  JC_  n  Fix( S1 )  “  than  the  second  alternative  of 
s  ck 

Remark  2.9(b)  holds.  O 

Proof  of  Theorem  1.5.  Me  argue  in  the  same  way  as  in  the  proof  of  Theorem  1.4  except  the 
following  changes: 

G  -  and  G  -  {id,  antipodal  map)  . 

The  index  theory  which  we  use  in  this  case  la  the  genus,  (cf.  example  2.3).  Then  d  -  1. 

Moreover,  since  Flx(G)  -  { 0) ,  Kc  n  Fix(G)  -  d  for  every  c  >  0.  So  the  second 
alternative  of  Remark  2.9(b)  holds.  □ 

In  order  to  prove  Theorem  1.9,  we  shall  apply  Theorem  2.11. 

First,  we  define  the  class  of  homeomorphism  K  as  follows:  Set 
(5.1)  K»{h“U  +  be  B*|h(u)  “  u  for  every  u  e  f  ))  . 

In  this  case  ■  is  given  by  the  Definition  3.1’  with  G  -  (id)  i.e.  no  invariancy 

* 

property  is  required  for  h  e  ■  . 

Now  we  need  a  lemma  which  is  a  variant  of  other  similar  results  (cf.  e.g.  [BR), 

IBBP] ) . 

Leimaa  5.1.  0  and  S  n  v.  as  defined  in  Theorem  1.9.  K-intersect  (cf.  definition  2.10). 

P 

Proof.  Me  have  to  show  that 

h(Q)  n(s  n  v)  t  d  vheit. 

p 

The  above  formula  holds  provided  that  for  each  h  I  K  the  following  equations  have  at  least 
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IX.  APPLICATIONS  TO  HAMILTONIAN  SYSTEMS . 

6.  Ho—  Estimates  for  the  Action  Functional. 

We  initially  Introduce  kh  functional  spaces  we  ahall  need  in  the  following.  If 

■  HI  and  t  >  1  we  eat 

Lfc  -  Lt(S1,rf")  . 

If  i  C  1  «e  set 

N*  -  {u  e  L2(S1,R2n)|  l  (1  +  |j|2)“|uJkl2  <  +-) 

js* 

k-1 . 2n 


where  Ujk(j  e  X,  V  “  1,...,2n)  are  the  Fourier  components  of  u  with  respect  to  the 
basis  (in  L2(s,.K2n)) 

(6.1)  -  «jtJ*k  -  coa(Jt)*k  +  Jseh(jt)6k 

where  {#k)  (k  -  1,...,2n)  is  the  standard  basis  in  N2".  w“  equipped  with  the  inner 
product 

(6.2) 

is  an  Hilbert  space.  Me  recall  that  the  embedding  w"  ♦  L*  is  compact  if  ^  >  V2  *  s.  So 
in  particular  w  ^2  i9  compactly  embedded  in  L*  for  any  t  >  1. 

Now  consider  the  Hamiltonian  system  (0.2)  where  H(trs)  is  T-periodic  in  t.  Making 
the  change  of  variable  t  ♦  (0.2)  becomes 

(6.3)  -Js  •  u*k(uit,s)  where  w  -  T/2ir  . 

Obviously  the  2s -periodic  solutions  of  (6.3)  correspond  to  the  T-periodic  solutions  of 

(0.2). 

In  order  to  construct  the  action  functional  whose  critical  points  are 
the  2* -periodic  solutions  of  (6.3)  we  introduce  the  following  bilinear  form 

2n  V 

a(u,v)  -II  j  “jkvjk  u,v  e  W  '2 

je*  k-i 

where  Ujk,Vjk  are  the  Fourier-components  of  u,v  with  respect  to  the  basis  (6.1).  the 


(u|v)^  -  I  (1  ♦  lil2>*ujkvjk 
J«h 
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bilinear  fora  at*,*)  la  eysutrlc  and  continuous  in  w 
self-adjoint,  continuous  oparator  daflnad  by 


bat  It  m  ♦  w  ba  tha 


V 


(6.4)  (Lu|v)  iA  -  a(u,v)  u,v  S  W  ^  . 

N  ^2 

Obaarva  that  If  u,v  6  C1(81,K2n) 


(Lu'v)wV2 


2» 

/  (-Ju,v)dt  . 
0 


Supposa  now  that  thara  ara  poaitiva  eonatanta  c^.cj.e  auch  that 
(6.5)  |ac(t,s) |  <  c^  ♦  Cjltl*  for  any  t  and  a  . 

Standard  arguments  s%ow  that  tha  functional 


(6.6) 


f(a) 


(Lc|t)  1, 

W  '2 


if 

Id  /  H(ldt,s)dt 
0 


a  «  N  \ 


la  Frechtt-dlfferentlable  and  that  ita  critical  polnta  correspond  to  tha  2*-parlodlc 

solutions  of  (6.3).  For  alaplicity  In  tha  sequel  wa  shall  taka  id  -  1  and  suppose  H(t,a) 

2r -periodic  in  t,  so  (6.6)  becoaMS 

(6.7)  f ( a)  -  ^  (La | a)  -  *(a) 

2  w  '2 

2s 

where  ♦  (*)  -  /  B(t,a)dt. 

0 


Since  W  ^2  ia  compactly  embedded  in  L*  for  any  t  >  1,  by  (6.5)  wa  have  that  tha 
up  a  ♦  Hc(t,a)  la  coapact  from  U  ^  on  w”  %  ,  then  la  compact. 

Mow  It  la  may  to  verify  (cf.  [BP2]  sac.  3)  that  tha  spectrus  of  L  consists  of  tha 
lladt  points  -1, 1  and  of  tha  eigenvalues 

X,  -  - T7  JII. 


J  '  (1  ♦  j2)  V* 


and  that  each  eigenvalue  X ^  has  sailtipllclty  2n.  Than  tha  functional  (6.7)  is  "strongly 
indefinite"  in  tha  aanaa  used  In  Section  1,  moreover  it  aatiaflas  the  assumptions  (f«)  and 
(f2>  of  {1,  because  wa  can  suppose  H(t,0)  -  0. 


Let  M.  denote  the  eigenspace  corresponding  to  the  eigenvalue  \ . .  He  set 

*J  _  _  3 

W+  -  •  M.  ,  w"  «  •  H.  ,  W°  -  ker  L  . 

j>0  j<0  Aj 


Every  z  e  W  / 2  can  be  decomposed  as  follows 

Z  “  *+  +  Z*  ♦  . 


So  we  have 

(a)  <Lz,z>  ■  <Lz+,z+>  +  <Lz”,z”> 

(6.8)  (b)  |  lz+l2  <  <Lz+,z+>  <  lz+l2 

(c)  -J  lz  I2  <  -<Lz“,z“>  <  Iz  I2  . 

Now  our  aim  Is  to  find  conditions  on  the  Hamiltonian  H  which  guarantee  that  also  the 
assumption  (f3)  is  satisfied,  we  consider  a  sequence  {z^}  C  w  ^2  ,  *n  »  (pn.qn)  such  that 

(6.9)  f(zn)  ♦  c  e  )0,+-( 

(6.10)  If* (z  )l  •  Iz  I  ♦  0  . 

n  n 

Let  us  initially  prove  the  following  lemxa . 

Lemma  6. 1 .  Let  {zn}  C  w  ^2 ,  *n  -  (pn,qn),  be  a  sequence  satiefying  (6.9)  and  (6.10), 
then  the  following  sequences 


(6.11) 


J  <H(t,zn)  -  (Hp(t,zn)|pn))dt 


(6.12)  / 

0 

are  bounded. 

Proof .  Easy  computations  show  that 


/  (H(t,zn)  -  (Hq(t,zn) |qn))dt 
0 


(a)  <f(zn).(pn,0)>  -  /  ((qnlp„>  -  (Hp(t,zn)|pn))dt 


(b)  <f(zn),(0/qn)>  -  /  <<q„lpn>  -  ( Hq(  t ,  zn )  |  qn )  )dt 


(c)  f(zn)  -  /  (<qnlp„)  -  H(t,zn))dt  . 
0 
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By  (6.9)  and  (6.10)  the  sequences 

<f*(zn>,  (p„,0)>,  <f(sn),(0,qn)>,  f(sn) 

are  bounded.  Then  also  right  hand  sides  of  the  (6.13)'s  are  bounded.  Subtracting 
(6.131(c)  from  (6. 13) (a)  we  get  that  (6.11)  Is  bounded.  Subtracting  (6.13)(c)  from 
(6.131(b)  we  get  that  (6.12)  is  bounded.  <=) 

The  following  lemma  will  be  useful  if  the  Hamiltonian  H  is  asyaptotically  quadratic 

(cf.  (0.8)  and  (0.9))  or  if  it  grows  more  than  quadratically  In  both  the  variables  p 

2  2 

and  q  but  does  not  satisfy  the  growth  condition  (0.3)  (e.g.  H(z)  -  |z|  •  ln( 1  +  |z|  )). 

Lemma  6.2.  Suppose  that  H  satisfies  (6.S)  and  that  there  are  positive  contents 
Cj,c.i  a  with  a  >  s  such  that 

(6.14)  |H(t,s)  -  V2  (Hz<t,s)|z)|  >  c3|z|a  -  c4 

for  any  z  e  R2"  and  t  e  *.  Then  the  functional  (6.7)  satisfies  the  assumption  (fj>- 

Proof.  Let  {z  }  be  a  sequence  in  W  ^  satisfying  (6.9)  and  (6.10).  By  Lemma  6.1  the 
n 

sequence 

2w 

(6.15)  /  (H(t,z„>  -V2  (HB(t,Zn)|zn))dt 

0 

is  bounded.  Then  by  (6.14),  the  sequence 

(6.16)  lz  I  is  bounded  . 

"  L° 

Using  the  decomposition 

(6.17)  ¥^2  -  ¥*  •  ¥~  •  V»° 
we  set 

(6.18)  z  -  z*  ♦  s~  *  z°  with  z+  e  ¥*,  z~  e  W~,  z°  M°  . 

Prom  (6.10)  we  deduce  that  for  a  subsequence,  which  we  continue  to  call  (z  ),  we  have 

n 

2i 

(6.19)  <Lz  ,z*>  “  /  (H  (t,z  )|z*)dt  *  0  as  n  ♦  •  . 

n  n  *  s  n  n 

0 

Set  y  m  —  and  t’  «  — - —  .  By  (6.19)  and  (6.5)  we  have  that 


(6.20) 


'•I'l'b  «  C5  +  C6  l  <Hr(t.«n)|<)dt  < 


2w 


2n 


<  c5  +  c6  (/  |iyt,*n)|Y<Jt)1/Y  •  (/  |z*|rdt)vr  < 


2* 


2* 


<  c?  +  ca  1/  l*nla<Jt)VY  •  V 


where  c5>c6'c7'c8  ara  Positive  constants.  By  (6.16)  and  (6.20)  we  have  that 


(6.21) 


It  I  i,  is  bounded 

n  wv2 


Analogously  it  can  be  proved  that 


(6.22) 


It  I  is  bounded. 

n  „  v2 


It  remains  to  prove  that  also  lt°l  i .  is  bounded.  Consider  ♦(z)  e  c’t*2",*)  such  that 

n  W  72 


♦  (*>  »  cg|z|  for  | z |  >  c10 


where  cg,c10  are  suitable  positive  constants. 

Suppose  first  a  <  1,  then  $ '  is  bounded.  So  by  (6.16)  and  by  the  mean  value 
theorem  we  deduce  that 


2* 


2* 


2s 


u  >  !  ♦(*  >dt  »  /  (♦(*  )  -  *(z°))dt  +  /  *(z°)dt  > 

ft  ^  A  **  *•  A  ^ 


(6.23) 


”  _C12  [  ,zn  -  \|dt  +  [  ♦<en,dt 


2s  2s  Q 

-C,o  /  I Z  ♦  Z  |dt  +  /  *(z  )dt 


'ia  b  '  n  n 


where  are  positive  constants.  fly  (6,21 ),  (6.22)  and  (6.23)  we  have  that  I z  I 


is  bounded,  then,  since  her  L  is  finite-dimensional,  also  lznl  y,  is  bounded. 
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Suppose  now  o  >  1,  than 


Proof.  Lot  4  >  0  be  »  constant  such  that 

(6.26' )  a  -  4  -  24  -  2  . 

(a  -  0  are  the  constants  of  asswptions  ( )  and  (X2>). 

By  La  Mia  6.1  we  have  that  the  sequences 

2* 

(6.27)  (1  +  0  +  4)  /  [ ( a ( qn ) pn | pn )  -  V(t,qn>]dt  and 

0 

2s 

(6.20)  /  t(A(qn)pn|pn)  +  (B(qn)|pn)  +  <  Vt,qn>  K’  -  H(t,*n))dt 

0 

are  bounded. 

Adding  (6.27)  to  (6.28)  we  obtain  that  the  sequence 

2s 

/  [4(a(qn)pnlpn)  >  <A(qn)pnlpn)  +  0(a(qn>pn I Pn )  + 

(6.29)  ♦  (Vqtt.q,,)  I q„)  +  (-0  -  2  -  dJVft.q^)  +  (B(qn)|pn>  -  (b(qn)  I p„) ] dt 
is  bounded  . 

By  (V j ) .  (Aj),  (6.26')  and  (6.29)  there  exists  M1  >  0  such  that 
2s 

(6.30)  M,  >  /  [4  (a(q  )p  ip  )  +  4V(t,q  )  ♦  (B(qn)|p_)  -  ( b(q„ )  |  p„ ) )  dt 

0  nnn  n  nn  nn 

for  every  n  e  ■  . 

Now,  by  (Bj)  and  (Bj) 

2  2 

(6.31)  ^4v(q)b*Q*  ^  *  f  V(t,q)  +  Mj  for  every  t  e  R  and  q  e 

where  *2  is  a  positive  constant.  Then,  using  (6.31),  we  get 
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Fran  the  above  Inequality,  the  conclusion  follows.  □ 

Leawa  6.4.  Let  the  assumptions  of  Lena  6.3  hold.  Moreover  assume  that  (V2),  (Aj)  and 
(A4)  hold.  Then,  if  (*„).  <*„  "  (p„»qn))»  is  a  sequence  in  W  ^  satisfying  (6.9)  and 
(6.10),  the  sequence 

2* 

/  |He(t,*n)|dt 
0 

is  bounded. 

Proof.  Just  computing  H^ft.s) ,  we  get 

<«•«»  l«,<t,*n)l  «  2l«(qn)pnl  ♦  lb(qn)|  ♦  l  l(«k(qn)Pnlpn)l  ♦ 

k 

♦  l  |(bk(qn) |pn) |  +  lv  (t,q_) I  for  every  n  e  ■  . 
k  * 

Observe  that 

(6.34)  for  every  q,p  e  if  |a(q)p|  «  la(q) I  ♦  (a(q)plp)  . 

By  (6.34),  (A4)  and  Lemma  6.3,  it  follows  that 

2v  2* 

(6.35)  for  every  n  «  II  }  |a(qn)pn|dt  <  /  tla(qn>l  ♦  (a(qn)pnlpn))dt  «  M4 
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where 
(6.36) 
Than,  from 


ia  a  poaltiva  conatant.  By  (A1 ) ,  we  gat  that 
la(q)l  >  v(q)  for  evary  q 
(Bj).  tha  above  formula  and  (a4)  we  get: 


e  tP  . 


21  2»  y  , 

J  !b(qn)|<lt  <  /  V(qn)  /2  •  |V(t,qn)l  '2  dt  +  Kj  < 
0  0  n 


2a  1/  **  1/ 

<  (/  V(q  >dt)  '2  •  (J  |V(t,qn)l  '2dt)  +  Ms  < 
0  "  0 


2w  21  y 

<  (/  la(q  )ldt)  /2  •  (/  |V(t,qn)|dt)  72  +  Mg  < 

0  "  0 

2a 

<  M  /  IVtt.q^ldt  +  M?  for  every  n  e  ■  . 

0 


Then,  by  Lemma  6.3  and  the  above  lnequaltly.  It  follow*  that 


2a 

(6.37)  Vn  8  *  /  |b(qn)|dt  <  Mg  . 

0 


Now,  by  (A})  and  Lemma  6.3,  we  have 


(6.38) 


Vn  e  ■ 


2a  2* 

l  I  l<-k(qn)pnlpn)ldt  <  M  /  <a(q„)pnlpn)«lt  <  M 
kO  0 


Moreover,  ualng  (Bj)  and  (6.36),  we  have 

2a  2a  |bk(q  )|2  ’/2  2a 

vn  e  ml  I  !(bk(qn)|Pn)|dt  <  l  (/  -(-  .  -■)  •  (I  '*(qn>IPnl  dt 

kO  k  0  0 

2a  ,  2a  y 

<  (M,,  ♦  M,j  /  V(t,qn)dt)  '2  •  (J  (*<qn>PnIPn><»t>  ’  • 

0  o 


Then,  from  Lemma  6.3,  we  get 


Vn  e  ■  l  J  l(b*(q  )|pn)|dt  <  M13  . 


(6.39) 


At  la»t  w»  observe  that  by  T.an  6.3  and  (V2) 


m  (  i  /  |v(ttqfl)  |dt  <  m14 
o 


So,  by  (6.33),  (6.35),  (6.3?),  (6.36),  (6.39)  and  (6.40),  we  deduce  that  tha  saquanca 
2w 

/  |Ks(t,*n)|dt  ia  boundad.  O 
0  1 

Lena  6.S.  Let  tha  aaauaiptlon  of  Leaam  6.4  hold,  tat  (i  )  C  »  ^  ba  a  sequence  which 

■ '  n 

aatlafiaa  (6.9)  and  (6.10).  Ilian  we  can  aelect  treat  {a  }  a  a ub sequence  which  la  boundad 

n 

In  W  Vl  . 

Proof.  Suppose  that  (z  )  C  w  H  aatlafiaa  (6.9)  and  (6.10).  Aian  by  Leans  6.4 
"  n 

(R  (t,z  )}  la  bounded  in  L1.  L1  ia  continuously  eabedded  into  w  r'^2,  for  any 


n  >  0.  Then 


By  (6.10)  we  have: 


IH  ( t ,  z  )  I  i.  ...  is  bounded 
z  *  n  -  V2  -n/2 


Lz„  '  Hslt,*tt)  ♦  0  in  w"  '2  . 


So  by  (6.41)  and  (6.42)  we  have 


Lz„  ia  bounded  in  W 
n 


-  V2  -n/2 


By  the  definition  of  the  epees  w1  and  easy  computation,  we  get 
4)  for  each  z  e  W  ^2  Izl  «  4  const. I Lz I  i. 


,V2-V2 


V2-V2 


where  z  -  z  -  z°  ■  z+  +  z”  (cf.  (6.18)).  By  (6.43)  and  (6.44)  we  have  that 


(6.45) 


I z  I  i,  is  bounded  . 

n  „  y2  -n/2 


Then,  since  n  >  0  is  arbitrary,  by  the  Sobolev  embedding  theore 

(6.46)  It  I  ia  boundad  for  any  t  >  1  . 

"  Lfc 


The  next  step  ia  to  prove  that 


(6.47) 


{z0}  is  bounded  in  L1 
n 


■  «S  Vn  6  •  . 


By  (v.)  wa  have 
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(6.48) 


vn  e  ■ 


/  |q£|“dt  <  c,  /  V<t,q£)dt  +  c2 

0  0 

where  c j ,c2  are  positive  constants. 

Wien,  by  (6.48)  and  Lemma  6.3/ 

(6.49)  {q^}  Is  bounded  in  L8  and  then  in  L*  . 

Nov  we  have  to  show  that  also  {p°}  is  bounded  in  L1 . 

n 

To  this  end  we  initially  show  that  there  exists  u  >  0  e.t. 


(6.50) 


2s 

Vn  e  ■  /  v(q^)  *  u  • 


By  (6.46)  and  (6.49)  there  exists  M  >  0  s.t. 


(6.51) 

He  now  set 


Vn  e  * 


’V^i  4 "  • 


v  -  inf  v(q)  and  Q  -  {t  e  (0,2*) I |a  (t) I  <  N/s)  . 

°  )q]<H/*  “  ^ 

Then 


Vn  e  m  H  >  lq_ I  ,  >  I  |q_|dt  >  M/s(2*  -  aeas  (1  )  . 

^  l1  (o,2s]  an  ^ 


From  which  we  get 


Therefore  we  have 


Vn  e  *  (teas  a  >  s  . 

n 


Vn  e  * 


2s 

/  vfq^dt  >  /  v(qn>dt  >  vQ 
°  ^n 


meaa  0  >  v.s  . 

n  0 


Then  (6.50)  holds  with  m  “  vs 


No*/  by  Tssma  6.3  and  (»,)  there  exists  c  >  0  s.t. 


2* 


21 


(6.52)  Vn  8  ■  c  >  /  <«(<Jn>PBIPn)<*t  >  /  v<Vlpnl2  “  J  W<qn),pn  *  pnlJ<,t  * 
0  0  0 


2* 


2* 


-  lp° 1 2  /  »(qn)dt  -  2|p°l  /  vl^jl^ldt  ♦  /  v(<^)|pa|2dt 

.  2»  2w 

>  IP„|Z  /  v<<*n)<*t  -  2|pfll  /  v(qn)|pnldt  . 


Now 


(6.53) 


/  v(q  » |p  |at  <  lw(q  )l  ,  •  Ip  I  - 

*  Bn  n  1  n  m  i 

0  l  L 


By  (A4)  end  (V2)  we  gat 

,  2«  2» 

(6.54)  Vn  e  N  I  v(q)  I  *  <  c  J  V(t,q)2dt  ♦  c2  <  c  /  I  «J  1 ♦  c. 

"  L  1  0  J  o 

where  cvc2'c3'c4  ere  positive  constants. 

Moreover/  because  ker  x,  Is  finite  dimensional,  from  (6.49)  and  (6.46)  we  deduce  that 

(6.55)  Iq^l  Is  bounded. 

L 

Then  from  (6.53),  (6.54),  (6.55)  It  follows  that 


(6.56) 


2* 

Vn  e  ■  /  V(qn)|;n|dt  <  I v(q) I  2l?nl  2  <  C#I?BI  2 

0  L  L  L 


Using  (6.46)  and  (6.56)  we  get 


2w 


(6.57) 


Vn  e  N  /  v(q  ) Ip  ldt  t  c_ 
0  "  "  7 


where  c7  is  a  positive  constant.  So  from  (6.52),  (6.50)  and  (6.57)  we  get 


(6.58) 


0,2 


Vn  e  a  e  >  (lip  I  -  e7lp°|  . 
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Than 


(6.59)  Ipjjl  ia  bounded  . 

Finally,  because  die  leer  X.  <  *~r  free  (6.49),  (6.59)  and  (6.46)  we  deduce  that 

(6.60)  for  any  t  >  1  la  I  .  la  bounded  . 

"  L 

Let  us  now  show  that  la  I  i.  Is  bounded. 

n  W  V2 

By  (6.19)  we  have 


(6.61) 


Vn  e  H 


I  mV, 

"  w  ^ 


2w 


<  ca(1  ♦ 


/  |H£(t,an)||a+|dt) 


where  c0  Is  a  positive  constant  . 

By  (6.33)  and  the  assumptions  (BQ)  there  exists  y  >  0  s.t. 

Vz  e  K2",  Vte>  |Ha(t,s)|  <  const. (1  +  I  a  | Y)  . 
Then  from  (6.61)  we  get 

(6.62)  Vn  e  *  la+l2i.  <  const. (1  +  la  l\  •  la+l  )  . 

n  w  /2  «  l2T  "  w  V2 


Then  from  (6.60)  and  (6.62)  it  follows  that 

lz+l  it  bounded  . 
n 

Analogously  It  can  be  proved  that 


la  I  t. 

"  W  V2 


Is  bounded  . 

Finally,  because  ker  L  Is  finite  dimensional,  we  deduce  that  also 

is  bounded  . 


Ia°l  , 

»  „  v2 


We  conclude  this  section  with  the  following  lemma. 

Lemma  6.6.  If  (HQ)  hold,  the  functional  (6.7)  satisfies  (f,),  (f2)  and  (fj)  In  the 

space  W  ^  . 

Proof.  (f,)(i)  and  (11)  follow  from  the  construction  of  L. 

By  aaewptlons  (Vj),  (A,),  <a4),  (b,),  (Bj)  and  standard  majorlaatlons,  it  follows 
that  f  satisfies  (6.5).  Then  (fjHli)  Is  satisfied.  (fj)  follows  from  Lemma  6.5.  O 
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7 .  Superguadratlc  Hamiltonians. 

In  this  section  vs  shall  provs  Theorems  0.1,  0.2  and  0.3.  It  will  be  useful  to 
introduce  the  following  notation 


> 

J  k>  j  k 


k<j  J 


If  j  >  0,  then  wt  V*  so  that,  for  every  z  e  lit,  (6.8)  (b)  holds.  The  following 
J  J 

lemmas  provide  estimates  which  shall  be  used  in  the  proof  of  the  theorems. 

Le«Bna  7.1.  For  every  cQ  >  0,  there  exist  j  (  I  and  R  >  0  such  that 

f(z)  >  cn  for  every  z  e  wt,  Izl  »  R 
0  J 

where  f  is  the  functional  defined  by  (6.7). 

Proof.  Since  H  grows  polynomially,  there  are  constants  r.c^.Cj  >  0  such  that 

I H(t , z) |  <  c,  +  e2|z|r  . 


|*(z)|  <  2ZC,  +  =2«*irr  • 
L 


Now,  by  the  Sobolev  embedding  theorem,  there  are  constant  Cj, ■  >  o  such  that 


Izl  <  C  Izl  t, 

Lr  3  WV2-' 


If  z  8  W.,  j  >  1,  we  have 
J 

Izl2,.  -  l  (1  +  k2)  1/2-,|zkl2  <  (1  ♦  J2)'*  £  (1  ♦  k2)  h  |^)2 

W  /2~"  k>j  k>J 

,  ,2.-s,  ,2  .  ,-2s,  ,2 

•  (1  +  J  )  Izl  <  j  Izl  . 


Then  by  the  above  formula  (7.2)  and  (7.3)  we  get 

lt(s)|  <  c.j"plzlr  ♦  c,  for  every  t  e  wt 
45  J 

where  c4  and  c5  are  suitable  positive  constants  and  p  ■  sr  >  0. 

Then,  by  (6.8)  and  the  above  formula,  for  z  e  wt,  Izl  “  R  we  have 

J 

<(z)  -  |  <Ls,x>  -  <i(z)  >  ■j  R2  -  c^j  °Rr  “<35"  -  c^j  PRr”2]R2  -  c5  . 

The  above  formula  proves  the  lemma,  in  fact.  It  is  sufficient  to  choose  R  such  that 


1  2 

—  R  >  c5  ♦  Cq  and  j  such  that 


c4j-p*r-2  <  £  . 


Lemma  7.2.  Suppose  that  H  satisfies  assumptions  (Hg).  Then  there  exist  constants  a^ 
and  a2  >  0  such  that 

(7.4)  H(z, t)  >  a^|q|0  -  a2 

and 


(7.5)  8H(z,t)  +  (Bz(z,t)|z)  >  a^|q|a  +  p|p|2  -  a2 
where  z  «  (p.q)  and  p  is  the  constant  in  (Aj). 

Proof.  We  prove  (7.5). 

We  shall  use  the  notations  introduced  in  Section  6  (cf.  6.25,  6.26),  moreover 
c.,...  will  denote  positive  constants. 

By  (Aj),  (A2)  and  (V^)  we  have 

(7.6)  3H(z, t)  ♦  (Hz(z,t)|z)  «  ( (8a(q)  +  2a(q)  +  A(q)]p|p)  + 

+  ( <8  +  1)b(q)  +  B(q)|p)  ♦  8V(q,t)  +  (Vq(q,t)|q)  > 

>  p Ipl2  +  2v(q)|p|2  -  |(8  +1 )b(q)  +  B(q)||p|  +  6v(q,t>  -  c,  . 

Using  (Bj ) ,  (Bj)  we  have 

(7.7)  |(8  +  1  )b(q)  +  B(q)||p|  <  JlP  l*  +  "M.  |p|2  < 

2 v  ( q  |  2 

<  2  V(q,t)  +  v (q ) I p 1 2  ♦  c2  . 

Then,  by  (7.6),  (7.7)  we  have 

8H(z,t)  +  (Hz(z,t) | z)  >  U |p| 2  +  v(q)|p|2  +  |  V(q,t>  -  Cj  . 

‘Hien,  using  again  assumption  (V^),  we  get  (7.5).  Similar  arguments  can  be  used  to  prove 


(7.4).  Q 

Le—  7.2* .  bet  4  a  Prechit  differentiable  functional  on  an  Hilbert  space  E,  with 
4(0)  »  0.  Suppose  that  4  satisfies  the  following  assumption; 
there  exist  R,  M,  X  >  0  s.t. 


(7.8)  X4(x)  +  <4'(x),x>  < 

Then  there  exist  5  >  0  s.t. 


N  if  Ixl  <  R 


-1  if  Ixl  >  R  . 
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*(x)  <  0  for  Ixl  >  ft 


Proof.  Let  vQ  e  H,  IVqI  *  1  and  sat 

g(t)  »  X$(tvQ)  t  >  0  . 

We  shall  Initially  prova  that 

(7.9)  g(t)  <  M  for  any  t  >  0  . 

We  argue  by  contradiction  and  suppose  that  thare  exists  t1  >  0  s.t. 

g(t.,)  >  M  . 

Then,  since  g(0)  _  0,  there  exists  t^  <  t1  such  that 

g(t>  >  M  Vt  e  Itj.t,!  and  g(t0)  -  H  . 
Obviously  there  is  E  (  ]t0,t1(  s.t. 

g*<€>  >  0  . 


Then 


which  mans  that 


and  this  contradicts  (7.8). 
Now  consider 


g(t)  ♦  y  9* (t)  >  * 
X*(tvfl)  +  <*'(tv0),tv0>  >  M 


8  >  0  s.t.  H  -  Xln  ft/R  <  0  . 

Let  us  now  show  that 

(7.10)  there  exists  tj  €  [R,fi]  s.t.  g(tj)  <  0  • 
By  (7.8)  we  have 

(7.11)  g(t)  tij'lt)  *<-1  if  t  >  R  . 
Then,  since  g(R)  <  M  (cf.  7.9),  we  havei 


R 


9(fi)  <  / 

R 


ds  +  M  »  M 


< 


Fro*  this  inequality  it  is  easy  to  deduce  that  (7.10)  holds. 
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Now  we  prove  that 


♦(x)  <  0  for  Ixl  >  R  . 

Obviously  it  ie  sufficient  to  show  that 

<7.12)  g(t)  <0  for  t  >  t2  . 

Arguing  by  contradiction  suppose  that  there  exists  t4  >  t2  s.t.  g(t4)  >  0.  Then 
obviously  there  exists  t3  e  ] t^, [  such  that 

(7.13)  g(t3)  -  0  and  g'(t3)  >  0  . 

Since  t3  >  R,  by  (7.8)  we  get 

gMt  ) 

(7.14)  g(t3)  +  — ——  t3  <  -1  • 

Obviously  (7.14)  contradicts  (7.13).  □ 

La— a  7.3.  Suppose  that  H  satisfies  (Hq).  Then  for  any  )  e  I.  There  exists  R  >  0 
s.t. 

f(x)  <0  for  Isl  >  R  z  8  Hi  -  "•  M~~  . 

k«j  It 


Proof.  The  interesting  case  occurs  when  J  >  0,  otherwise  it  is  trivial. 

By  virtue  of  La— a  7.2'  it  is  enough  to  prove  that 

(7.15)  Bf (s)  ♦  <f(s),2>  — >  —  as  Isl  +  •  . 

In  the  following  c^,...,cfi  will  denot  positive  constants. 

Let  a  *  fp)  e  wj  and  set 
q'  J 

*  * 

2  ■  2  ♦  2g  +  2 


where 


(PJ  e  mx  •  ^ 


•  •••  •  M, 


e  m. 


-j+i 


-1 


x  •  •••  •  “x 

A1 


*0  - 


( 


)  e  Her  L, 


■-(“)•  Nlj.,  -  •  M 

q  J  k<-j-1  k 


Then,  by  using  Learn  (7.2),  it  is  easy  to  see  that 
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8f  (a)  +  <f* <*),*>  <  (|  ♦  1)(<L**,a*>  ♦  <La,*>) 


•  2  -  2  2 

-  udp  I  ♦  I  pi  ♦  Ip  I  )  - 

L  L  L 


-  c,<*qV  ♦  •««%  ♦  *««»%>  ♦  C2  * 

L  L  L 


8  ••  1  ♦  1  *  2 
<  (J  ♦  ,*  )>  -  ^  +  j  >  * 


-  pip*.2  -  <=,«<*•*  -  c3(.;.2  ♦  l«0l22)  ♦  c2 

L  L  L  L 


<  h(«‘)  -  C4(l*|2  ♦  I  Sgl  2j)  ♦  c2 

L 


•  8  *  •  * 

h(*  )  »  (~  ♦  1)<L*  ,z  >  -  yip 


V«P  I  ,  -  C,I<1  *  ,  • 
L  L 


The  above  formula  ahowa  that  (7.15)  ia  verified  once  we  prove  that 

(7.17)  h(**)  *  —  aa  1**1  +  ♦-  . 

Lz 


In  order  to  prove  (7.17)  we  need  to  find  a  atore  "explicit"  fora  of  <L*  ,z  >, 
•  * 

*p  '  j'  ,q  1  a*  "*  Mt 

I.  L 


*  r  ,vl, 

a  -  I  <*t  +  x.j)  zt  -  (  )  e  Hx  . 


i  » 


It  ia  not  difficult  to  verify  that  for  any  t  we  have 


Pl  “  J,  \k°0,lt\  -  b*k,intt% 


2  a  tinite  +  b  coatte 
tk  k  ik  k 


where  e^(k  “  1,...,n)  ia  the  atandard  baaia  in  and  a.k>b.k  ere  real  coefficienta* 


4 


By  straight  computations  we  obtain 


(7. 18)  <L« 


,**>  <  2  t(l*,l2  -  «e.,«2,)  -  l  l  2*(-?k  + 

t-1  1  2  %  L  1-1  k-1 


btk  -  *' 


2  -  b2  ) 

-tic  -tk' 


Moreover 


(7.19) 


•P 


f  (*tk+*-tk>2+  (b 


L  t-1  k-1 


Ik  "  b-tk* 


and 


(7.20) 


•q*«2,  >  J  l  <«lk  -  «.tk)2  ♦  (btk  ♦  b_tk> 


2  ‘  *  *  tk  -tk' 

L  t-1  k-1 


ttien 


h(  z  )  <  q(z  )  where 


q<i#)  -  i  f  <i ♦  imu?k  -  *-1^  -  w(,tk +  *-tk)2  -  c5|atk  -  a-tk'a 


t-1  k-1 


’2  tk  -tk 

Since  a  >  2  it  can  be  verified  that 


♦  if  ♦  t)(*2  -  bf..)  -  u(b£.  -  b  ..  )2  -  c  lb  ♦  b  |“  . 


q(  z  )  ♦  -®  as  I  *  1 4 


n 

I 

1  k-1 


atk  + 


2  .  .2 

a-tk  +  blk 


+  b 


tk 


Then  (7.17)  easily  follows.  □ 

Proof  of  Theoreai  0.1.  We  will  apply  Ifteorem  1.4. 

By  Leans  6.6,  (fj),  (f2>  and  (fj)  follow.  Sines  ths  Hamiltonian  H  does  not  depend 
on  t,  also  (f4)  is  satisfied,  it  remains  to  verify  the  geoantrical  assumptions  (f5). 
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*•  Mt 


cQ  -  ux(1f-2i  •  Inf  »{*))  ♦  1  • 
_ 2n 

*«m 


Tit*  constant  c„  is  wall  defined  because  by  Lesma  7.2,  H  is  bounded  fro*  below. 

By  virtu*  of  Lemma  7.1,  it  is  possible  to  choos*  R  >  0  and  )  j  t  such  that 

f(s)  >  c«  for  av*ry  z  6  wt»  Izl  “  R  . 

0  J 

Now  set 


V  -  W 


and,  chosen  n  arbitrarily,  set 


1 


«  "  «j+n  *  ‘Vn^  • 


with  such  a  choice  of  V  and  W,  the  assumptions  (fjXi),  (11),  (ill)  and  (lv)  are 
trivially  satisfied.  Moreover  (f5Xv)  la  satisfied  by  virtue  of  Lease  7.3  and  (fgXvl)  is 
satisfied  by  our  choice  of  cQ. 

Then  the  conclusion  of  Theorem  1.5  applies  and  we  get  the  existence  of  at  least 

j  (dla(V  n  W)  -  codim (V  ♦  w>)  -  n 
critical  values  with  critical  points  s1,...,z||  such  that 
(7.21)  f(s„)  >  c0  . 

It  remains  to  show  that  the  corresponding  critical  points  are  not  constants. 

Suppose  that  one  of  them  is  a  constant  function  z.  Then  we  have 

f(i)  ■  -2vh(z)  <  Cg  . 

This  contradicts  (7.21). 

By  the  arbitrariness  of  n  the  conclusion  follows.  □ 

Proof  of  Theorem  0.2.  It  follows  tne  same  argizaent  of  the  proof  of  Theorem  0.1  except  that 
w*  use  Theorem  1.5  Instead  of  Theorem  1.4.  □ 

Proof  of  Theorem  0.3.  W*  shall  apply  Theorem  1.9. 
we  can  assume  without  loss  of  generality  that 

H(t,0)  ”  0  for  every  t  €  •  . 

It  is  not  difficult  to  prove  that  f  is  twice  Prechet  differentiable  for  s  »  0.  Then  by 
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f(z)  -  f<0)  +  <f<0),a>  ■*■'5  f(0)tz,s]  ♦  odzl2) 


(H4),  we  havei 
(7.22) 


4  *  ■) 

«  —  <Lz,z>  -  ^  /  (H  (ut,0)z| z)dt  ♦  o(l*l  ) 

2  2  0  “ 

where  cu  «  —•  .  and  «  #  »  .  By  (Hg),  it  follows  that 

2t  2* 

(i)  /  (a  (<ut,0)z,z)dt  <  Y  /  l*l2at  . 

0  0 

than  by  the  above  inequality  and  (7.22) 

(7.23)  f<»)  >  <Lz,z>  -  1  l*l22  +  odsl2)  . 

Is 

By  the  definition  of  <Lz,z>,  we  have  that 

<Lt,t>  >  I  si 2  for  every  a  f  »*  . 

L2 

Then  by  the  above  inequality,  (7.23)  and  (6.8) (b)  we  get 

f(z)  >  (1  -  Y ) <Lz, s>  +  ^  <Lz,z>  -  ^  ,e,22  *  °(l*,2>  * 

Is 

>  j  (1  -  y)Is*2  ♦  o(lsl2)  for  every  sew4'. 

So  there  exist  p,  c0  >  0  such  that 

(7.24)  f(z)  >  c0  for  every  z  8  W+,  Izl  •  p  . 

Now  let  e  e  W+  be  the  eigenfunction  corresponding  to  the  first  positive  eigenvalue 

of  L  and  let  Rj.Rj  be  two  positive  constants.  We  set 

T  «  {ee  i  s  e  10, R  ^1),  p  •  |u  ♦  *  |  u  e  W"  8  ker  L,  lul  <  Rj  and  v  e  T}  . 

Observe  that  Q  C  W^.  Then  by  I, naan  7.3 

sup  f(z)  <  . 

z«Q 

Moreover,  by  Lassie  7.3,  if  R1  and  Rj  are  large  enough  we  get  that 

f(z)  <  0  for  every  s  8  3Q  . 

Thus  all  the  assisaptions  of  Lass  a  1.9  are  satisfied  with  V  »  ¥*.  Then  f  has  a  critical 
value  c 
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(7.25) 


C  >  Cg  >  0  . 

The  corresponding  critical  point  i  e  cannot  ba  constant  because  in  this  case  we 

would  have 


21 

c  “  f(s)  "  -  /  H(ut,a)  <  0 
0 


and  this  Inequality  contradicts  (7.25).  □ 

We  end  this  section  considering  Hamiltonians  H(c)  which  do  not  depend  on  t  and 
grow  more  then  quadratically  in  both  the  variables. 

More  precisely  we  suppose  that  there  exist  positive  constants  c.,  c2,  c3,  c<(  a,  0 
with  a  >  0  and  0  >  0  such  that 

(a)  |H  (x)  |  <  c.  +  c.|t|®  for  every  s  e  It2”  , 

(7.26) 

(b)  —  (Uz(b)Iz)  -  H(x)  >  c3|x|“  -  c^  for  every  s  e  W2"  . 

Observe  that  this  “auperquadraticity"  condition  (7.26) (b)  covers  cases  which  are  not 
covered  by  (0.3).  For  example  the  function 

H(x)  -  I x I 2log< 1  +  |s|2) 


satisfy  the  (7.26)  but  not  (0.3).  For  Hamiltonians  of  this  type  the  following  theorem 
holds. 

Theorem  7.4.  If  He  C^i*2",*)  satisfies  (7.26),  then  for  every  T  >  0,  the  Hamiltonian 
system  (0.2)  has  infinitely  many  nonconstant  T-per iodic  solutions  for  any  period  T  >  0. 
gketch  of  the  Proof.  We  apply  Theorem  1.4.  <f j)  end  (fj)  are  verified  ae  in  the  proof  of 
Theorem  0.1.  (f})  follows  from  Lemma  6.2.  (fj)  follows  by  the  fact  that  H  is  time 

independent.  8ince  H  satisfies  (7.12)(a),  Leona  7.1  holds,  and  by  (?.26)(b)  it  is  easy 
to  show  thet  the  analogous  of  Leona  7.3  is  true.  Then  reasoning  as  in  the  proof  of  Theorem 
0.1,  the  conclusion  follows.  □ 
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8.  Asymptotically  Quadratic  WMdltonlgng. 

V,  .  1/, 

Proof  of  Theorem  0.5.  Lot  Lg  and  i  M  *  ♦  W  2  be  tha  oparator  defined  aa  follows 

L^r  -  -Jr  -  (-)£ 

Lg*  “  -J*  -  UH^IO)*  . 


Ilian  If  ws  sat 


1A 
w  '2 


w  e  w 


V2 


{V'v>wv2  “  u-VV'v>v2 


It  follows  that  L0  and  L—  are  two  salf-adjoint  oparators  In  W  '1  .  It  la  easy  to  sea 
that  tha  spectrum  of  Lg  and  consists  of  eigenvalues  of  finite  multiplicity  having 
+1  and  -1  as  accumulation  points . 

Let  M°  (rasp.  m“)  denote  the  eigenspace  of  Lg  (rasp.  L^)  corresponding  to  the 
eigenvalue  u .  Me  set 


»s-  •  "I-  wo*  •  m!'  <-  •  v 

u>0  M  u<0  M  u>0  M  U<0 


where  the  closures  are  taken  in  W  '2  ■  Me  initially  suppose  that  the  Hamiltonian  H 
satisfies  (0.8),  (0.9),  (0.10),  (0.12)  and  (0.13).  We  can  write  the  action  functional  as 
follows: 


2* 


f<«)  “  +  T  (L  s|a)  -  ui  J  (H(a)  -  ~  (H  (»)*|«))dt 

*  A  •  *• 


Me  shall  show  that  f  aatisfiaa  tha  assumptions  of  Theorem  1.5  with: 

2»  . 

L  -  L ,  *(r)  -  «  /  (H(s)  -  (H  (»)s|s))dt  , 

0  ” 

V  -  wj  and  W  -  W^  . 

It  la  easy  to  sea  that  (ff),  (f2),  (f4)  are  satisfied.  Moreover,  by  virtue  of  tha 
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nonresonance  assuaptlon  (0.10),  standard  arguawnt  show  that  alao  (fj)  la  satisfied  (cf.  tha 
proof  of  theorem  6.1  an  lisa  irk  4.10  in  [B2J).  lat  us  now  prove  that  alao  (fj)  is 
satisfied. 

(f5)(i)  is  obviously  satisfied,  Moreover,  since  L^  -  Lg  is  compact,  alao  (f5)(ii)  holds. 
Because  hs<(«)  ie  positive  definite,  we  have 

(constant  functions}  •  Fix(s')  C  »,  . 
then  also  (fg)(ili)  is  satisfied.  Let  i  e  Vg  then, 

f<*>  •  f(0)  +  <f'(0),*>  t  [*,t]  ♦  odsl2)  -  ~  (Lqe|s)  ♦  odsl2) 

**0  2  2 
>  —  Isl*  ♦  odsl*)  as  I  si  ♦  0 

where  uQ  -  aln(u  6  o(lq)|ii  >  0}  . 

So  also  assuaptlon  (f5)(lv)  holds.  Moreover,  by  (0.13),  assumption  (f$)(vi)  holds. 

Let  us  finally  verify  that  (f5)(v)  is  satisfied.  Let  *  e  w”  -  w  then 

-  2*  . 

(8*1)  f (*)  <  11,1*1*  -  «  /  (H(*>  -  -  (H  (-)s|s))dt 

1  0  *  ** 


where  u1  -  max(u  e  (ML^Iu  <  0}  .  if  we  set 

?<*)  -  HE(*»  -  Hjs(«)s 

then,  by  (0.8), 

(8.2)  SiEi.  ♦  q  u  |s|  ♦  . 

With  this  notation  we  have 


1  1 
/  (B((sx)  -  8  (->(ss)|s)ds  -/  (g(ss) |s)ds  . 

A  *•  A 


SO 


H<*>  -  ^  (B>m(«)*l*) 


1 

/ 


0 


(g(as) | s)de  . 


From  the  above  formula,  we  have 
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(8.3) 


v*  8  i2"  |H(X)  -  ^  (H  (•)*!*) |  <  |s|  /  lg(es)|de  . 

2  “  0 

By  (8.2),  for  every  e  >  0,  thara  axiats  M  >  0  such  that 

(8.4)  |g(*)|  <  e|s|  for  |s|  >  M  . 

Lat  |x|  >  M  and  sat 

A,(z)  -  {t  8  10,1] ||ts|  <  M) 

Aj(z)  -  {t  e  (0,111 |tz|  >  M>  . 

than,  by  (8.4),  «a  have 

(8.5)  /  |g(sz) |da  -  /  |g(ss)|ds  +  /  |g(ax)|da  <  c  +  §■  |z| 

0  A^s)  A2(s) 

where  c1  -  aup{ |g(s) | | |s|  <  M} . 

Using  (8.4)  and  (8.5), 

(8.6)  Vs  e  R2",  |s|  >  N  |B(s)  -  j  (Hes(»)s|s)|  <  c^sl  ♦  |  |s|2  . 

than,  by  (8.1)  and  (8.6),  wo  easily  deduce  that 

Vs  8  w“  f(s)  <  11,1a!2  +  u(lsl  1  ♦  |  lsl22)  +  c2 

L  I* 

where  c2  la  a  poeltlve  constant  depending  on  e. 

So  If  we  chooae  e  sufficiently  avail,  by  the  above  formula  f  la  bounded  frov  above 
on  W_  ■  H,  i.e.  (f5)  holds,  thus  all  the  assumptions  of  theorem  1.5  are  satisfied, 
therefore  It  followa  that  f  has  at  least 

(8.7)  |  (dlm(wj  n  wj  -  coding  ♦  «")] 
nontrivial  periodic  solution. 

In  Learnm  6.6  of  [B2] ,  it  has  been  proved  that  the  number  (8.7)  Is  just  equal  to 
~  (uH  («) ,  ich  (0)).  then  the  first  part  of  theorem  0.5  is  proved. 

Z  CS  2Z 

In  order  to  prove  the  second  part  we  set 

f<S)  ■  -f(S)  «  ~  /  [(Js|s)  +  H»H(t)]dt  . 
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The  functional  f  aatlafiaa  the  assuaptlona  of  Theoraa  1.5  with 

L  *  -L 

2w 

*<*)  -  u  /  (-H(s)  t  ^  (Hzz<0)*l*))<l t 

0 

_  ♦ 
v  -  w0  and  v  •  *m  . 

at  thla  point  we  argue  exactly  In  the  saae  way  aa  in  the  proof  of  the  firet  part  of  the 
theorea  in  order  to  verify  (fs>.  We  obaerve  that  In  thla  caae  we  have 

{conatant  function}  -  fix(fi')  c  «  v  ■ 

Then  when  we  verify  (fs)(iii)  the  firat  alternative  holda.  Thla  la  the  reaeon  why  in  [B2] , 
a  aleilar  result  has  not  been  proved. 

Since  all  the  assuaptlona  of  Theoraa  1.5  are  verified  it  follows  that  there  exist  at 

least 

(8.8)  ~  [dia(Mg  n  ¥*)  -  coddljj  ♦  W*)l 

nonconatant  2*u-periodic  solutions. 

By  Leswia  6.6  of  [B2] ,  the  nuaber  (8.8)  ia  equal  to 

j  e(WH£jt(0)<«Bi!i(»))  .  □ 

Reaark  8.1.  If  the  nonreaonance  condition  (0.10)  is  replaced  by  aaauaptiona  (0.14)  and 
(0.15),  by  virtue  of  Leaaa  6.2  (f3)  la  satisfied.  Then  the  assertion  of  Raaark  0.7  holds. 
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H  (z)  =  H  (°°)  z  +  o(  z  )  for 
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where  z  =  (p,q)  and  H  (*»)  is  a  symmetric  operator  in  Rn.  We  also  give 
an  estimate  for  the  periodic  solutions  of  (1)  when  the  Hamiltonian  satisfies 
(3) .  Time-dependent  Hamiltonians  also  are  considered. 


